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CERTAIN RESULTS OF RICCI SOLITONS ON (LCS) MANIFOLDS! 


MUNDALAMANE MANJAPPA PRAVEENA|® | MALLANNARA SIDDALINGAPPA sIDDESHA|® }, 
AND CHANNABASAPPA SHANTHAPPA BAGEWapI ©| 


ABSTRACT. In the present paper, we study Ricci solitons of (LCS)-manifolds when quasi- 
conformal and pseudo projective curvature tensors of (LCS)-manifolds are irrotational and 
flat. It is revealed that the results obtained by the above methods and using semi-symmetry 
and Eisenhart problems are the same. 

Keywords: (LCS)-manifolds, Ricci soliton, Einstein manifold. 
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1. INTRODUCTION 


Riemannian geometry gives the study of Riemannian manifolds and Riemannian manifold 
is equipped with symmetric bilinear and positive definite metric. The Lorentzian manifold 
is a special case of pseudo-Riemannian manifold which is generalized Riemannian manifold 


and need not have positive metric tensor. 
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The study of Lorentzian concircular structure manifold shortly (LCS)-manifold initiated 
through Shaikh and Baishya in 2003 and 2005 generalize the idea of [.P-Sasakian 
manifolds inaugurated through Matsumoto (1989) [8], Mihai and Rosca (1992) [9]. 

Ricci flow was initiated by Hamilton in 1982 and he observed that it’s an attractive 
mathematical model for analyzing the fabrication of the manifold. This is a rule that defaces 
the metric of a Riemannian manifold in an approach similar to the dissemination of heat. This 
process is known as the geometrization conjecture of Thurston smoothing out irregularities 
in the metric. It gives an understanding of the geometry and topology of the manifold. Ricci 


soliton is self-similar to the Ricci flow(it is extension of Einstein metric) and it is denoted on 


(M,g) by 


(Lyg)(U, W) + 2S(U, W) + 2Tg(U,W) =0 (1) 


0 is a vector field created by {¢:}:eR one parameter group of transformations, Ly means the 
Lie derivative along J, TY is scalar. The Ricci soliton is shrinking: T < 0, steady: T = 0 and 
expanding: YT > 0. 

During the current two decades, many mathematicians have investigated Ricci solitons of 
contact and Kahler manifolds [[13], [14]]. In particular, Praveena et. al. investigated 
a study on Ricci solitons in generalized complex space form. Hui et. al. [6] [4] and Blaga 
have studied some classes of Ricci solitons in (LCS)-manifolds. The scholars Bagewadi 
et. al. studied geometry of Ricci solitons in (LCS)-manifolds. Prompted by the earlier 
investigations in this article we investigate Ricci Solitons of (LCS)-manifolds when quasi- 
conformal and pseudo-projective curvature tensors in these manifolds are irrotational and 
flat. We also study compare our results with Ricci solitons of Eisenhart problem and semi 


symmetric. 


2. PRELIMINARIES 


A Lorentzian manifold M together with unit timelike concircular vector field € (g(€,€) = —1), 
its associated 1-form 7 (g(X,€) = (X)) and a (1,1) tensor field (take ¢U = +VuE) is said 
to be a Lorentzian concircular structure manifold (briefly, (LCS)-manifold). Especially, if we 


take a = 1 then we can obtain the LP-Sasakian structure of Matsumoto in (LCS)-manifold 


INT. J. MAPS MATH. (2022) 5(2):101-111 / CERTAIN RESULTS OF RICCI SOLITONS ON (LCS) ... 103 


for (n > 2). Moreover in (LCS)-manifold the following relations hold: [16]. 


og=1+n@g, nf) =—-, 

%§ =0, 7-P=0, G(X, GY) = G(OX,Y), 

(Vxn)(Y) = alg(X,Y) + n(X)n(¥)], a #0, 

Vxé = alX + (X)é] (2) 
Vxa = Xa=da(X) = p(X), p= —Ex = —-£-Va (3) 
g(U, eV) = gU,V) +n(U)nV), 9(U,) = n(U), 

RU, V)E = (a? — p)[n(V)U — n(U)V), (4) 
R(E,U)E = (a? — p)[n(U)E + UI], (5) 


R(E,U)V = (a? — p)[gU, VE — (V)U], 


for U,V € T(M). 


3. RICCI SOLITONS OF IRROTATIONAL QUASI-CONFORMAL CURVATURE 
TENSORS 


Yano and Sawaki in 1968 defined and studied a quasi-conformal curvature tensor field 
Q on M of dimension n which includes conformal, concircular and M-projective curvature 


tensors as specific cases. It is given by 


Q(V,U)W = aR(V,U)W +8[S(U,W)V — S(V,W)U + g(U,W)QV — o(V,W)QU] 


= (4 +2) [9(U, W)V — g(V,W)U], (6) 


where S(V,W) = g(QV,W). 
Using in (Leg)(U, W) we produce 


(Leg)(U, W) = 2a[g(U, W) — n(U)nW)]. (7) 


((€, Y,g) is a Ricci soliton in (LCS) manifold.) 
Again using and we have 


S(UU,W) =—[(a+ T)g(U, W) + an(U)n(W)). (8) 
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The preceding equating yields that 
QU = —[(a+ T)U + an(U)é], 
1e., SU, f) = —Tn(U), 
r=—TYn-a(n-1). 
Put W = € in (6) and using (4). we have 


QV, U)E = Aln(U)V — n(V)U], 


where A = a(a? — p) — b(2T +a) — 


3% 


curvature tensor Q on a Riemannian manifold is given by 


Rot Q@=CurlQ=  (VxQ)(V,U,W) + (VvQ)(X,U,W) 


+(VuQ)(X, V,W) — (VwQ)(V,U, X). 
Under second Bianchi identity 
(VxQ)(V,U,W) + (VvQ)(X,U, W) + (VuQ)(X,V,W) = 0. 
Using in reduces to 
curl Q = —(VwQ)(V,U, X). 
If Q is irrotational then curl Q = 0 and we should have 


(VwQ)(V,U, X) =0 


= Vw{Qv,U)X} = Q(VwV,U)X + QV, VwU)X + QVV,U)VwX. 


Put X = € in and by virtue of (2). and we have 


Q(V,U)W = Alg(U,W)V — g(V,W)U]. 


Exercising the inner product of with X 


QV, U,W, X) = Alg(U, W)g(V, xX) _ g(V, W)g(U, X)}. 


On contraction of the above equation over V and X and using we get 


a(n — 1)(a? — p) — b(n —1)(2T +a) — br 
a + b(n — 2) 


S(U,W) = 


g(U,W). 


(12) 


(4 + 2b). The rotation (curl) of quasi-conformal 


(14) 


(15) 


(16) 


(18) 
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Put U=W =€in and using (10), we get the value of T as 
T = —(n—-1)(a? — p). (19) 


We can consequently declare the following: 


Theorem 1. A Ricci soliton (g,€,Y) in irrotational quasi-conformal (LCS) manifold is 
steady a? — p = 0, shrinking a2 — p < 0 and expanding a? — p > 0. i.e, a? + a = 
0,a7 + a > 0,07 + £a <0. 


Theorem 2. If an (LCS)-manifold is quasi-conformally flat then it is n-Einstein provided 
b#0. 


Proof. Suppose (LCS) is quasi-conformally flat then (6) becomes 


aR(V,U)W +0[S(U,W)V — S(V,W)U + g(U, W)QV — g(V,W)QU] 


- 2 (55 +20) ew — ov, wu] =0 


Put V = W = € and using (5), in preceding equation then we get 


a[n(U)E + U](a? — p) + b[(n — 1)(a? — p)n(U)E + (n — 1)(a? — p)U 


a 
n—-1 


+ n(U)QE + QU] -2/( +2) In(U)é + U] = 0. 


Taking the inner product by X 


a(a* — p)[n(U)n(X) + g9U, X)] + b[(n — 1)(a? — p)n(U)n(X) 


+ (n—1)(a* — p)g(U, X) + n(U)S(X, €) + S(U, X)] 


= 2 (5 +20) int ynx) + 90,7] =0 


=> a(a? — p)[n(U)n(X) + g(U, X)] + (nm — 1)(a? — p)n(U)n(X) 


+ (n—1)(a? — p)g(U, X) + (n—1)(e? — p)n(¥)nW) + SU, X)] 


= 2 (5 +20) int yn) + 90, x9] =0 


a 
n—-1 


+2) — (a? = p)(a-+ 20(n—1))] nO) 


+[- (<4, +) b(n — 1)(e? p)} a(t. X), (20) 


“. (LCS) manifold is 7-Einstein provided b 4 0. a 
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Let (g,€, Y) be Ricci soliton then 


(Leg)(U, X) + 28(U, X) + 2Tg(U, X) = 0. 


= aln(U)n(X) + g(U, X)] + SU, X) + Tg(U, X) = 0. 
Replacing U = X = € in preceding equation we get 
S(E,é) + To(E,€) =0 => T=S(E,é) => bY = dS(E, £). 


Setting U = X = €in and equate to above we get 


bY = E (4 ! 2») (a2 — p)(a + 20(n 1)) (21) 
+|- (4 +20) b(n — 1)(a2 a 1) 


= — (a? — p)[a + 2b(n — 1) — b(n — 1) 


=~ (a? — p)[a + 0(n— 1). (22) 
Hence YT exists if b = 0. So we declare the following: 


Theorem 3. The Ricci soliton (g,€,Y) in quasi-conformally flat (LCS)-manifold exists if 
b£0. 


Remark 1. (i) Ifa=1,b= -ty then Q decreases to conformal curvature tensor. In this 
case T = —(a? — p). 
(i) J a=1,b= 55a then Q decreases to M-projective curvature tensor. In this case 
T = (n= 1(0? =p). 


4. RICCI SOLITONS IN IRROTATIONAL PSEUDO PROJECTIVE 
(LCS)-MANIFOLDS 


Prasad in 2002 defined and studied a pseudo projective curvature tensor field P on 


M of dimension n which includes projective curvature tensor as specific case. It is given by 


P(V,U)W = aR(V,U)W +)[S(U, W)V — S(V,W)U] 


-£ (527 +5) [o(U, W)V — o(V,W)U]. (23) 


n- 


Put W = € in and using (4). we have 


PIV, U)E = O[n(V)U — n(V)U], (24) 
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p)—Tb- 4 (4; +). 


The rotation (curl) of pseudo projective curvature tensor P on a Riemannian manifold is 


where 6 = a(a 


given by 
Rot P= (VxP)(V,U,W) + (Vv P)(X,U,W) 

+(VuP)(X,V,W) — (VwP)(V,U, X). (25) 

Under second Bianchi identity we get 
(VxP)(V,U,W) + (Vv P)(X,U, W) + (VuP)(X,V,W) =0, (26) 

using above in (25), it becomes 

curl P = —(VwP)(V,U, X). 
If P is irrotational then curl P = 0 and we obtain 


(VwP)(V,U, X) =0. 


= Vw{P(V,U)X} = P(VwV,U)X+P(V, VwU)X + P(V,U)VwX. (27) 
Put X = € in and by virtue of (2). and we have 
P(V,U)W = 6[g(U,W)V — (V,W)U]. (28) 


Taking inner product of with W 
P(V,U, W, X) = O[g(U, W)9(V, X) — g(V,W)g(U, X)]. (29) 


On contraction of equation over V and X, and using (6) we gain 


(alo? — p) — bY)(n = 1) 
a+ b(n — 1) 


S(U,W) = g(U,W). (30) 


Put U=W =€in and using (10), we gain the value of T 


We can consequently say the following: 


Theorem 4. A Ricci soliton in irrotational pseudo projective (LCS)-manifold is steady, 


shrinking and expanding accordingly if 


a + a = 0,07 + Ea > 0,07 + £a <0 
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Theorem 5. A pseudo projectively flat (LCS)-manifold is n-Einstein provided b 4 0. 


Proof. Suppose (LCS) is pseudo projectively flat then can write 


a 


aR(V,U)W + b[S(U,W)V — S(V,W)U — - ( 


Put V = &, using and using (5), in preceding equation then we gain 


;+ s) [9(U, W)V — g(V, W)U] = 0. 


aR(é,U)W +b[S(U, W)é — S(é, W)U — - (4 se s) Ig(U, W)é — gE, WU] = 0. 


n—-1 


i.e., a(a” — p)[g(U, WE — n(W)U] + B[S(U, WE — (n — 1)(a? — p)n(W)U] 


-2( 2 +8) [og — nD) = 0. 


n\n-1 


Taking the inner product € to precede equation then we obtained 


a(a” — p)[—g(U, W) — n(W)n(U)] + b[-S(U, W) — (n— 1) 


I 
aa 


+0) [9 W) + nD) 


n—-1 


+[E( , .») ae A)| a0. 1). 


Thus (LCS)-manifold is 7-Einstein. 


Next let (€,Y,g) be Ricci soliton then 


(Leg)(U, W) + 25(U, W) + 2Y9(U, W) =0. 


= aln(U)n(W) + g(U,W)]| + S(U,W) + Tg(U, W) = 0. 
Put U = W = €, then the above reduces to 


From (32) and (33), Tb = bS(€, €) 
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Suppose 6 4 0 then 
T = -(n— 1)(0? = p). (34) 
Thus we have the following theorem: 


Theorem 6. A Ricci soliton (g,€,Y) in pseudo projectively flat (LCS)-manifold exists if 
b#0 and T = —(n— 1)(a? — p). 


Bagewadi et. al. [2], proved the following result: 


Theorem 7. Jf a Ricci soliton in (LCS)-manifold satisfying R(€,X).M then 
T =—-(n—1)(a? — p). 
e It is shrinking if characteristic vector field € is orthogonal to Va. 
e It is shrinking of the angle between characteristic vector field € and the gradient vector 
field Va is acute. 
e It is shrinking if a2 > k | Va |, expanding if a? <k| Va |, and steady if a? = k | 
Val 


The value YT in (19), (22), and is same as YT in above theorem. Hence we conclude 


the following result: 


Theorem 8. [f a Ricci soliton in (LCS)-manifold satisfies conditions such as irrotational 
quasi-conformal, quasi-conformally flat, irrotational pseudo projective and pseudo projective 


flat then TY = —(n—1)(a? — p). Further 


e It is shrinking if characteristic vector field € is orthogonal to Va. 

e It is shrinking of the angle between characteristic vector field € and the gradient vector 
field Va is acute. 

e It is shrinking if a? > k | Va |, expanding if a? <k| Va |, and steady if a? = k | 
Val. 


Shaikh et.al. [5], proved the following result i.e., Ricci solitons using the Eisenhart problem 
in (LCS)-manifolds. 


Theorem 9. Suppose that in (LCS)-manifold the (0,2) type tensor field Lyg+2S is parallel, 
where 0 is a given vector field, then (g,0) yields Ricci soliton and it is given by 


T = -(n- 1)(0? - p). 
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Situated on the earlier all results we resolve that the value of Y = —(n — 1)(a? — p) is 


same as Theorem (8) and Theorem (9). 


5. CONCLUSION 


The condition obtained for Ricci solitons of (LCS) manifold all the four methods: semi- 
symmetry, irrotational, flatness and Eisenhart problem is same i.e. TY = —(n — 1)(a? — p). 
Hence the geometry of (LCS) manifold is same i.e. TY = —(n — 1)(a? — p) in all these cases: 


semi-symmetry, irrotational, flatness and Eisenhart problem. 


REFERENCES 


1] Amur, K., and Maralabhavi, Y. B. (1977). On quasi-conformal flat spaces, Tensor (N.S.) 31, 194. 

2] Ashoka, S. R., Bagewadi, C. S., and Ingalahalli, G. (2014). A geometry on Ricci solitons in(LCS)n 
manifolds, Differ. Geom. Dyn. Syst. 16, 50-62. 

3] Blaga, A. M. (2018). Almost 7-Ricci solitons in (LCS),-manifolds, arXiv:1707.09343, 13, 1-16. 

4| Chandra, S. Hui, S. K., and Shaikh, A. A. (2015). Second order parallel tensors and Ricci solitons on 
(LC'S)n-manifolds, Commun. Korean Math. Soc., 30, 123-130. 

5] Hamilton, R. S. (1988). The Ricci flow on surfaces, Mathematics and general relativity (Santa Cruz, CA, 
1986), Contemp. Math., 71, American Math. Soc., 237-262. 

6] Hui, S. K., and Chakraborty, D. (2016). Some types of Ricci solitons on (LC'S),-manifolds, J. Math. Sci. 
Advances and Applications, 37, 1-17. 

7| Ingalahalli, G., and Bagewadi, C. S. (2012). Ricci solitons in a-Sasakian manifolds, ISRN Geometry, 
Article ID 421384, 14 pages. 

8] Matsumoto, K. (1989). On Lorentzian almost paracontact manifolds, Bull. of Yamagata Univ. Nat. Sci. 
12, 151-156. 


9] Mihai, I., and Rosca, R. (1992). On Lorentzian para-Sasakian manifolds, Classical Anal., World Sci. 
Publ., Singapore, 155-169. 

10] Prasad, B. (2002). A pseudo-projective curvature tensor on a Riemannian manifolds, Bull. Cal. Math. 
soc., 94(3), 163-166. 

11] Praveena, M. M., and Bagewadi, C. S. (2016). A Study on Ricci Solitons in Generalized Complex Space 
Form , extracta mathematicae, 31(2), 227-233. 

12] Praveena, M. M., and Bagewadi, C. S. (2016). On almost pseudo Bochner symmetric generalized complex 
space forms, , Acta Math. Acad. Paedagog. Nyhazi. (N.S.) 32, 149-159. 

13] Praveena, M. M., and Bagewadi, C. S. (2017). On almost pseudo symmetric Kahler manifold, Palest. J. 
Math., 44:6(II), 272-278. 


14] Praveena, M. M., Bagewadi, C. S., and Krishnamurthy, M. R. (2021). Solitons of Kahlerian space-time 
manifolds , Int. J. Geom. Methods Mod. Phys., 18(2), 81-101. 


15] Shaikh, A. A. (2003). On Lorentzian almost paracontact manifolds with a structure of the concircular 


type, Kyungpook Math. J., 43, 305-314. 


INT. J. MAPS MATH. (2022) 5(2):101-111 / CERTAIN RESULTS OF RICCI SOLITONS ON (LCS) ... 111 


[16] Shaikh, A. A., and Baishya, K. K. (2005).On concircular structure spacetimes, J. Math. Stat., 1, 129-132. 
[17] Yano, K., and Sawaki, S. (1968). Riemannian manifolds admitting a conformal transformation group, 


Journal of Differential Geometry, 2(2), 161-184. 


DEPARTMENT OF MATHEMATICS, M S RAMAIAH INSTITUTE OF TECHNOLOGY (AFFILATED TO VTU) 


BENGALURU-560054, KARNATAKA, INDIA 


DEPARTMENT OF MATHEMATICS, JAIN UNIVERSITY, GLOBAL CAMPUS-562112, KARNATAKA, INDIA. 


DEPARTMENT OF MATHEMATICS, KUVEMPU UNIVERSITY, SHIVAMOGGA, KARNATAKA, INDIA. 


International Journal of Maps in Mathematics 
Volume 5, Issue 2, 2022, Pages:112-138 
ISSN: 2636-7467 (Online) 


www.journalmim.com 


ON f-BIHARMONIC AND BI-f-HARMONIC FRENET LEGENDRE 
CURVES 
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ABSTRACT. This paper is devoted to study the f-harmonic, f-biharmonic, bi-f-harmonic, 
biminimal and f-biminimal Frenet Legendre curves in three dimensional normal almost 
paracontact metric manifolds and determine the necessary and sufficient conditions for these 
properties. Besides these, some characterizations for such curves have been defined in par- 
ticular cases of a three dimensional normal almost paracontact metric manifold and some 
nonexistence theorems have been obtained. 

Keywords: Frenet curves, Legendre curves, Normal almost paracontact metric manifolds, 
f-Harmonic curves, f-Biharmonic curves, Bi-f-Harmonic curves, f-Biminimal curves. 
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1. INTRODUCTION 


The theory of curves is one of the most important topic in differential geometry and up 
to date from the past to the present. In the theory of curves there are many special types 
such as Frenet curves; slant curves, Legendre curves and these are studied in many different 
manifolds. In particular, Legendre curves have an important role in geometry and topology 
of almost contact manifolds. Among the papers on Legendre curves studied on contact 
manifolds in the literature, the most basic ones can be listed as [3] [19]. 
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On the other hand, studies on Frenet Legendre curves are newer. These studies, which 
are a source of motivation for us, can be briefly listed as [23]. In this study, different from 
previous studies which are focused on curvature and torsion, we handled the maps, which 
briefly mentioned below, in terms of different cases of a, 6 and 6. 

Harmonic maps which were defined by Sampson and Eells, in [8] have a wide field of study 
due to their wide applications such as physics, mathematics and engineering. 

Besides, in [14], Jiang obtained biharmonic maps between the Riemannian manifolds by 
generalizing harmonic maps. 

f-harmonic maps have a physical meaning as the solution of inhomogeneous Heisenberg 
spin systems and continuous spin systems, [4]. For this reason, the maps in question are 
of interest not only for mathematicians but also for physicists. f-harmonic maps between 
Riemannian manifolds were introduced by Lichnerowicz in 1970 and then examined by Eells 
and Lemaire in [9]. 

On the other hand, the strong relationship between f-harmonic and harmonic maps is 
summarized by Perktas et.al. as follows, in [25]. The first one, extending bienergy functional 
to bi-f-energy functional and obtaining a new type of harmonic map called bi-f-harmonic 
map. The second one extending the f-energy functional to the f-bienergy functional and ob- 
tain another type of harmonic map called f-biharmonic map as critical points of f-bienergy 
functional, [22]. 

f-biharmonic maps, which are the generalization of biharmonic maps, are defined by Lu, 
in [18]. Lu defined also f-biharmonic maps between Riemannian manifolds, in [6]. However, 
Ou gave complete classification of f-biharmonic curves in three dimensional Euclidean space 
and characterization of f-biharmonic curves in n-dimensional space forms, [21]. In addition, 
recent studies can be summarized as; [16]. 

Moreover, bi-f-harmonic maps as a generalization of biharmonic and f-harmonic maps 
introduced by Ouakkas et. al., in [22]. In addition, Roth defined a non-f-harmonic, f- 
biharmonic map as a proper f-biharmonic map, [26]. It should be emphasized that there is 
no relationship between f-biharmonic and bi- f-harmonic maps. 

Biminimal immersions and biminimal curves in a Riemannian manifold were defined by 
Loubeau and Montaldo, [17]. 

Finally, f-biminimal immersions were defined by Karaca and Ozgiir, in [11]. They con- 
sidered f-biminimal curves in a Riemannian manifolds. 


Based on these studies in this paper, first we give basic notions which will be needed 


114 S. N. BOZDAG AND F. E. ERDOGAN 


in other sections. In section 3.1, we show that there is no f-harmonic Frenet Legendre 
curve in three dimensional normal almost paracontact metric manifold. In section 3.2, we 
get f-biharmonicity condition of a Frenet Legendre curve in three dimensional normal al- 
most paracontact metric manifold and determine this condition in different cases such as 
6-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds. In section 3.3, we ob- 
tain bi-f-harmonicity condition of a Frenet Legendre curve in three dimensional normal 
almost paracontact metric manifold and also discuss this condition in various manifolds. In 
section 3.4, we obtain biminimality condition of a Frenet Legendre curve in three dimensional 
normal almost paracontact metric manifold. Finally in section 3.5, we get f-biminimality 
conditions of Frenet Legendre curves in three dimensional normal almost paracontact metric 


manifold. 


2. PRELIMINARIES 


This section, includes some definitions and propositions that will be required throughout 


the paper. 


Definition 2.1. Let (N,g) and (N,g) be Riemannian manifolds, then a harmonic map 


@:(N,g) - (N,g) is defined as the critical point of the energy functional 


B(O) = 5 ff ldo avy 


where vg is the volume element of (N,g). Then by using Euler-Lagrange equation T(@) of the 


energy functional E(¢), where it is the tension field of map ¢, a map called as harmonic if 
T() := traceVdo = 0. (2.1) 


Here V is the connection induced from the Levi-Civita connection VN of N and the pull-back 


connection V®, [LI]. 


Biharmonic maps, which can be considered as a natural generalization of harmonic maps, 


are defined as below. 


Definition 2.2. A map ¢: (N,g) > (N,g) is defined as a biharmonic map if it is a critical 


point, for all variations, of the bienergy functional 


Bd) = 5 | Ir(@)Pavy 
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Then the Euler-Lagrange equation 72(@), for the bienergy functional F2(@), where T2(@) is 
the bitension field of map @ equals to 


T2(¢) = trace(V?V? — V2)r(¢) = trace(RN (dd, T(¢))dd) = 0, (2.2) 
if d is a biharmonic map. Here RN, the curvature tensor field of N, is defined as 
RN(X,Y)Z =VEVEZ -VEVRZ- Vy Z, 
for any X,Y,Z €T(TN) and V? is the pull-back connection, [I]. 


One can easily see that harmonic maps are always biharmonic. Biharmonic maps which 


are not harmonic are called proper biharmonic maps, [24]. 


Definition 2.3. A map ¢: (N,g) > (N,9) is said to be an f-harmonic if it is critical point 


of f-energy functional, 
1 
By(8) = 5 f fladlavy, 
N 
where f € C®(N,R) is a positive smooth function. Then the f-harmonic map equation 


obtained by using Euler-Lagrange equation as follows; 
T7(¢) = fr(d) + do(gradf) = 0, (2.3) 


where Tf(@) is the f-tension field of the map 9. 


f-harmonic maps are generalizations of harmonic maps, [{2\ [7]. 


Definition 2.4. A map ¢: (N,g) > (N,Q) is said to be an f-biharmonic if it is critical 


point of the f-bienergy functional 


Ea(0) = 5 f fir(o)Paoy 


The Euler-Lagrange equation for the f-biharmonic map is given by 


T,4(¢) = fro(¢) + Afr(d) + 2V% .aT(#) = 0, (2.4) 


where T2,¢(@) is the f-bitension field of the map ¢. 


A f-biharmonic map turns into a biharmonic map if f is a constant, 6]. 


Definition 2.5. A map ¢: (N,g) > (N,g) is said to be a bi-f-harmonic if it is critical 


point of the bi-f-energy functional 


1 
Eyal) =5 | Irr(@) Pav 
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The Euler-Lagrange equation for the bi-f-harmonic map is given by 
T7.2(d) = trace((V* f(Vrz(4)) — FV Gu7/(d) + FRY (r4(),dd)dd) =0, (2.5) 
where Tf,2(@) is the bi-f-tension field of the map @, [22]. 


Definition 2.6. An immersion ¢: (N,g) > (N,g) is called biminimal if it is critical point 
of the bienergy functional E2(¢) for variations normal to the image ¢(N) CN, with fixed 
energy. Equivalently, there exists a constant X € R such that @ is a critical point of the 


A-bienergy functional, 
E»,,(¢) = E(¢) + AE(@). 


The Euler-Lagrange equation for a A- biminimal immersion is 


[2,(@)]* = [r(d)]" — Air) = 9, (2.6) 


for some value of \ € R, where [.|+ denotes the normal component of [.]. An immersion is 


called free biminimal if it is biminimal for = 0, 7]. 


Definition 2.7. An immersion ¢ : (N,g) > (N,g) is called f-biminimal if it is a critical 
point of the f-bienergy functional E2,s(¢) for variations normal to the image ¢(N) CN, 
with fixed energy. Equivalently, there exists a constant X € R such that @ is a critical point 


of the X-f-bienergy functional, 


Eo, ¢(b) = Eo, ¢(b) + AE¢(¢). 


Using the Euler-Lagrange equations for f-harmonic and f-biharmonic maps, an immersion 
is f-biminimal if 
[r,.,¢(@)" = [re,2(d)]> — Alre(d)]> = 0, (2.7) 


for some value of X € R. An immersion is called free f-biminimal if it is f-biminimal for 


A= 0. If fis a constant then the immersion is biminimal, (T]. 


Definition 2.8. A differentiable manifold N?"+1 is called almost paracontact metric man- 
ifold if it admits a tensor field p of type (1,1), a vector field €, a 1-form n and a pseudo- 


Riemannian metric g satisfying the following conditions: 


yr =I-n@€é, n(E)=1, p&=0, g(~X, VY) =—gG(X,Y)+n(X)n(Y), (2.8) 
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where X,Y € TN and I is the identity endomorphism on vector fields. g is called compatible 
metric and any compatible metric is necessarily of signature (n+1,n). In an almost paracon- 
tact metric manifold N, no yp = 0 and rank(y) = 2n. From (2.8), g(X, pY) = —g(pxX, Y) 
and g(X,&) = n(X), for any X,Y € TN. The fundamental 2-form of N is defined by 
®(X,Y) = g(X,yY). An almost paracontact metric manifold (N, ~,&,7,g) 1s said to be nor- 
mal if V (X,Y) — 2dn(X,Y)€é = 0, where WV is the Nijenhuis torsion tensor of yp, [29]. 


Proposition 2.1. For a three dimensional almost paracontact metric manifold N, the 


following conditions are mutually equivalent: 


i- N ws normal, 


ii- there exist a, B functions on N such that 
(Vx p)Y¥ =a(g(pX,Y)E— (VY )pX) + B(G(X,Y)E-n(Y)X), (2.9) 
iii- there exist a, 8 functions on N such that 
Vx =a(X — (XE) + Bex. (2.10) 
Moreover, the functions a, 8 realizing as well as are given by 


2a = trace{X > Vx §}, 26 = trace{X > pV x &}. 


For a three dimensional normal almost paracontact metric manifold where a, 6 = constant, 


the curvature tensor field equation becomes 


R(X,Y)Z 


(5 +2 (a? +6?) (g(¥, Z)X — 9X, Z)Y) 

+ 9(X,Z)(5 +3 (a? + 6) (VE 

— (5 +3(e? +6?) mY n(Z)x 

— 9 ¥,2) (5 +3(2? + 6) n(X)E 

+ (5 43(0? + 6*)) n(Xn(Z)Y, (2.11) 
where X,Y,Z € TN and r is the scalar curvature, [24]. 


Definition 2.9. A three dimensional normal almost paracontact metric manifold is called; 


. B-para-Sasakian if a= 0, 8 #0 and £ is constant, 
. para-Sasakian if a =0, 6 = —1, 
. quasi-para-Sasakian if a=0 and 6 £0, 


. a-para-Kenmotsu if a #0, 68 =0 and a is constant, 
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. paracosymplectic if a = 8 = 0, [29]. 


Definition 2.10. Let (N,y,&,7,g) be a three dimensional normal almost paracontact metric 
manifold where a, 0 = constant. The structural function of the immersed curve y: IC R> 


(N,g) is the map cy: I > R given by 


where T =. Then the curve y called as Legendre curve if cy = n(T(s)) = 0, Bl. 


With the help of these definitions, we get f-tension field, f-bitension field, bi- f-tension 
field, the biminimality and f-biminimality conditions of a Frenet Legendre curve in a three 


dimensional normal almost paracontact metric manifold as in following sections. 


3. FRENET LEGENDRE CURVES 


Let y: 1 —> N be a curve in a three dimensional pseudo-Riemannian manifold N such 


that g(7¥.7) = €, where €, = +1 and Vy denotes the covariant differentiation along y. 
Then y is a Frenet curve with {T, N, B} Frenet Frame if one of the following three cases 
hold: 

(1) ¥ is of osculating order 1, V_, + = 0 (geodesics), 

(2) + is of osculating order 2, there exist two ortonormal vector fields T, N and a positive 


function « along y such that 
Vee = keg, Viaev = —KEe1T, 


(3) ¥ is of osculating order 3, there exist three ortonormal vector fields T, VN, B and two 


positive function « and 7 along y such that 


VT = Ke2N, VN = —Kerl + Te3B, Vj B= —TE2N, 


where T = 7 ,g(N,N) = €2 = £1,9(B, B) = €3 = +1, & is the curvature and 7 is 
the torsion function, [27]. 
Note that in this paper, we study with y : J C R —> N non-null curve parametrized by 
arc length on a pseudo-Riemannian manifold N which is a three dimensional normal almost 
paracontact metric manifold where a, = constant. In this case, from Definition and 


Definition [2.2| tension and bitension fields reduces to 


t(y) = VrT (3.12) 
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and 

72(y) = VET — R(T, VrT)T =0 (3.13) 
[20]. 
Now, let y : J —> N be a Frenet Legendre curve in N and {T, pT, €} are ortonormal vector 
fields along y where 7 = T. By differentiating g(T,€) = 0 along y¥, it is obvious that 
g(VrT,€) = —e1a. Then VT obtained as below 


Vrl = —€1a0k = €10yT, (3.14) 


where 6 is a function defined by 6 = g(VrT, yT), [271. 


Let investigate the necessary and sufficient conditions of a Frenet Legendre curve to be f- 
harmonic, f-biharmonic, bi-f-harmonic, biminimal and f-biminimal in a three dimensional 
normal almost paracontact metric manifold in terms of different cases of a, 6 and 6. 

It should be noted that; throughout our paper, for the sake of shortness, only N will be 
called instead of a three dimensional normal almost paracontact metric manifold N where 


a, 8 = constant. 


4. f-HARMONIC FRENET LEGENDRE CURVES 


In this subsection, we investigated the f-harmonicity condition of a Frenet Legendre curve 
in N. 
Let y: J — N be a Frenet Legendre curve in N. Then with the help of Definition [2.3] and 
equation (3.12), f-harmonicity condition obtained as below; 


7(7) = fr(y) + dy(gradf) = fVrT + fT =0. (4.15) 


Based on this result, we can express the following theorem: 


Theorem 4.1. There is no f-harmonic Frenet Legendre curve in a three dimensional normal 


almost paracontact metric manifold where a, 8 = constant. 


Proof. The f-harmonicity condition for this kind of curves obtained by substituting 
equation (3.14), in equation (4.15) as below; 
ty) = fVrT+fT 


f(-e1aé — €,6yT) + f'T 


fT — (craf)é - (e1df)yT =0. (4.16) 
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From equation (4.16); it is easy to see that f’ = 0 namely, f is a constant function. This is 


a contradiction with the definition of f-harmonic curves. 


5. {-BIHARMONIC FRENET LEGENDRE CURVES 


In this section, we obtain the f-biharmonicity condition of a Frenet Legendre curve in 
N. In addition, we make detailed examinations for a-para-Kenmotsu, (6-para-Sasakian and 
paracosymplectic manifolds. 

First, let determine the f-biharmonicity condition for this kind of curves. By using tension 


and bitension field equations, f-bitension field 72,¢(y) obtained as below, [21]; 


mp) = fraly) + (ANT) + 202 aag7() 


AUET HRT Vey) ye Ve oF Ver =O. (5.17) 


Then by differentiating VrT = —e,a& — €,6yT with respect to 7’, we obtain Ver and Ver 
as below; 


V2.T = (6? — €107)T — €1(a8 + 6 )yT — 5BE (5.18) 


and 


V3T = 366 T + (a75 — 6B? — €16° — €16' )yT + (0° — af? — e106? — 285 )é. (5.19) 


After that by substutiting VrT into the curvature tensor field formula (2.11) we find, 


R(T, VrP\T = —a(o? + f)€ 4 (5 + 2(a? + B2))pT. (5.20) 
Finally, we determined the f-biharmonicity condition as below: 


to,9(y) = f(VET — R(T, VrT)T) + f Vel + 2f V2T 


= (366 f +2(5? —e,a°)f )T 


+ ((-a25 — 3675 — 2169 — 218" sof 2e1(a8 +6) f —e1df’ )yT 
+ ((20° — e106" — 285 )f — 266f —e,af’ \é 
= 0. (5.21) 


With the help of this result, we can state the following theorems: 


Theorem 5.1. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in 


three dimensional normal almost paracontact metric manifold N where a, are constants. 
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Then y is an f-biharmonic Frenet Legendre curve iff the following equations hold: 
365 f +2(6? — e107) f =0, 
(a?5 +3675 + £159 + e18" + 58) f + 2e1(a8 +8’) f +erdf" =0, (5.22) 


(203 — 2,06? — 286) f —26Bf —e10f =0. 


Theorem 5.2. Let y : I —> N be a Frenet Legendre curve parametrized by arc length in 
three dimensional normal almost paracontact metric manifold N where a,@ are constants. 
Then y is an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar 


curvature r are given by; 


and 


” 


610 (aB+6)  6(5 )2a? + 655 a? — 621535" + 15e1(55 )? 


) 
Hil? 2 24 
r [a°+36* +616 +e1 ak na? 2 Hea? 82 |; 
where 2a — ead? — 286 — 268A €10(A +A?) =0 for A= Tes and €ja* — 6? £0. 


Now, we give the interpretations of Theorem 
Case I: Assume that 6 is not equal to a constant. 


Case I-1: If N is a three dimensional (-para-Sasakian manifold and 6 4 constant then 
we have following equations from (5.22); 
366 f +267 f' =0, 
(3676 + 6163 + 16" + 56) f + 2e15 f' ted f" =0, (5.23) 
65 f+ 6Bf =0. 


Hence we obtain the following theorem; 


Theorem 5.3. There is no f-biharmonic Frenet Legendre curve in a three dimensional B- 


para-Sasakian manifold where 6 4 constant. 


Proof. By solving the first and third equations of (5.23) together, it is easy to see 


that there is a contradiction between them. 
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Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 4 constant then 


we have following equations from (5.22); 


366 f + 2(62 — e107) f =0, 
(076 + 6103 +615" + sof +2616 f +edf' =0, 


(2a3 — e106?) f — e;af’ = 0. 


So we have the following corollary; 


Corollary 5.1. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in a 
three dimensional a-para-Kenmotsu manifold N with 6 is not equal to a constant. Then y is 
an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature 


r are given by; 
f =(e107 = §2)~4 +c¢ 


and 


i 


5 £165 6(5 )2a2 + 655 a? — 6€16°5" + 15€1(66 )? 
= ae 2 
r [a* + e108? +e ; 32 a Mea? — 82 iP 


/ 


where 2a°® — €1a6? — e1a(A’ + A?) =0 for A= Teo and €,a? — 6? £0. 


Case I-3: If N is a three dimensional paracosymplectic manifold and 6 4 constant then 


we have following equations from (5.22); 


366 f +262 f' =0, 
(6153 + €16" + So) 496 f abr =O: 


Therefore, we obtain the following corollary. 


Corollary 5.2. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 
in a three dimensional paracosymplectic manifold N. Then for 6 4 constant; y is an f- 
biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature r 


equal to: 


and 


aw / 1 / uw 
r= —2e[6? +6715 —36-°(6 )? + 5% ~ 3 ot). 
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Case IT : Assume that 6 = constant 4 0. Then we investigate the following subcases: 


Case II-1: If N is a three dimensional 6-para-Sasakian manifold and 6 = constant 4 0 


then we have following equations from (5.22); 


of =0, 
(36? +216? +5)fteif =0, (5.24) 
oF So. 


Hence we obtain the following theorem; 


Theorem 5.4. There is no proper f-biharmonic Frenet Legendre curve in a three dimen- 


sional B-para-Sasakian manifold with 6 = constant # 0. 


Proof. For 6 = constant 4 0, from the first equation of (5.24) we obtain that f’ = 0, 
this situation contradicts the definition of the f-biharmonic curve. 
Case I-2: If N be a three dimensional a-para-Kenmotsu manifold and 6 = constant 4 0 


then we have following equations from (5.22); 


(6? — e107) f =0, 
T " 
(P +a? + s)\ft+ef =0, 
(Qa? — 4187) f —e,f =0. 
So, we have; 
Corollary 5.3. Let y: 1 —> N be a Frenet Legendre curve parametrized by arc length in a 


three dimensional a-para-Kenmotsu manifold N. Then y is an f-biharmonic Frenet Legendre 


curve if and only if the function f and the constant scalar curvature r are given by 
f = aqee ti me © 
and 
r= —6a’*, 


where f € C°(N,R) is a positive smooth function dependent on s arc length parameter, 


6 =|) end ey = 1. 
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Case II-3: Let N bea three dimensional paracosymplectic manifold and 6 = constant 4 0 


then we have followings from (5.22); 


i, (5.25) 
(e167 + sf +e,f’ =0. 


Hence we have the following nonexistence theorem; 


Theorem 5.5. There is no proper f-biharmonic Frenet Legendre curve in a three dimen- 


sional paracosymplectic manifold where 6 = constant 4 0. 


6. BI-f-HARMONIC FRENET LEGENDRE CURVES 


In this subsection, we handle bi-f-harmonic Frenet Legendre curves in N. Also we ob- 
tained bi-f-harmonicity conditions for a-para-Kenmotsu, $-para-Sasakian and paracosym- 
plectic manifolds. 


First let determine the bi-f-harmonicity condition in a three dimensional normal almost 


paracontact metric manifold. By substutiting equations (3.14), (5.18), (5.19) and (5.20) into 


the bi- f-tension field formula, Tf 2(y) obtained as below, [25]; 


Te2(y) = trace(V7f(V 74(7)) — FV Sw Tey) + FR tH (y), dy)dy) 
= (ff TH+ Off +2 PV rT + 4ff VET + PVET + f2R(V rT, T)T 
= [(ff') +4ff (© — e107) + 3/68 JT 


+ [-B3e1aff" —2e.a(f')? —4f f' 68 + f2(208 — e106? — 285 )|yT 


+ [-Serdf fF — Def)? —4eiff (a8 +0) 


+ f2( 5 a6 — 3825 — 6163 — 610" Je 


= 0, (6.26) 
which implies the following. 


Theorem 6.1. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 


in three dimensional normal almost paracontact metric manifold N where a, 8 = constant. 
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Then y is a bi-f-harmonic curve iff the following equations hold: 


(ff") +4(6? —e10*) ff’ +365’ f? = 0, 
Be1af f” +2c10(f')? + 468f f — (20% — e106? — 285) f? =0, (6.27) 


36ff' +26(f )?+4(ap+s)ff + (S216 + ade, + 3625e; + 63 +6") f? =0. 


Now, we give the interpretations of Theorem 


Case I : Assume that 6 is not equal to constant. Then we investigate the following 
subcases: 
Case I-1: If N a three dimensional $-para-Sasakian manifold and 6 4 constant then we 


have following equations from (6.27); 
(ff) +46? f f +355 f? =0, 
25f +5 f =0, 


35ff" + 26(f')? +46 ff’ + (Gerd + 38715 + 5 + 8") f? =0. 


Then we obtain the following corollary. 


Corollary 6.1. Let y: I —> N be a Frenet Legendre curve in a three dimensional B-para- 
Sasakian manifold N. Then vy is a bi-f-harmonic curve where the function f and the constant 
scalar curvature r are given by; 
f=S2+e¢ 
and 
r = 3e16-°(5 )? +1616" — sed 26 =Be,0" = 68", 


wy 


for where 6 # constant is the solution of —9(5 )? + 1066.6" — 2625" + 4646’ = 0 differential 


equation. 


Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 4 constant then 


from (6.27), we obtain following equations; 
(ff) +4(© — e107) ff +366 f? = 0, 
Sff +2(f )? +772? — 20741) =0, (6.28) 


30ff +26(f)? +46 ff + (S21 + a75e, +52 +65) f? =0. 
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So, we have the following corollary. 


Corollary 6.2. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 
in three dimensional a-para-Kenmotsu manifold N where 6 4 constant. Then y is a bi-f- 


harmonic curve iff f is a solution of the non-linear differential equations given in (6.28). 


Case I-3: If N is a three dimensional paracosymplectic manifold and 6 4 constant then 


from , we obtain the following equations; 


(ff) +4ff 6 +365 f?2 =0, 
(6.29) 


B6ff" + 26(f')? +46 ff’ + (Gerd + 08 +8") P? = 0. 


Hence we obtain following corollary. 


Corollary 6.3. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 
in three dimensional paracosymplectic manifold N where 6 # constant. Then y is a bi-f- 


harmonic curve iff f is a solution of the non-linear differential equations given in (6.29). 
Case I-4: If N ff’ =0 and 6 # constant then via equation (6.27), we obtain following 


equations; 


Af’ (62 — e1a”) + 3f65 =0, 
2e10(f')? + 4f f'58 — f2(2a% — e106? — 2865’) = 0, (6.30) 


26(f )? +4 ff (aB+6)+ Poe + ae, + 3675e1 + 2 +6") = 


We have the following corollary. 


Corollary 6.4. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 
in a three dimensional normal almost paracontact metric manifold N where ff” = 0 and 
6 # constant. Then y is a bi-f-harmonic Frenet Legendre curve where the function f and 


the scalar curvature r are given by; 
f =(ea* — £)- 8 +e 


and 


5" (a8 +5)5 | 962(6')? 
= -2[0 + 36? + €18” | | 
: [a? + 36? + 216? +e yo ewer 8(€10? = Fp 


where 2€,aA* + 4468 — (203 — e106? — 286 J=0 jor A= a and eja* — 6? £0. 
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Case I-5: If N a three dimensional 6-para-Sasakian manifold, ff” = 0 and 6 # constant 
then from equation (6.30), we obtain following equations; 


4f'6 +36 f =0, 


2f'5+5'f =0, (6.31) 
2€16(f')? +4e16 ff + PG + 3875 + e163 + 15") =0. 
We have the following nonexistence theorem. 


Theorem 6.2. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional 


B-para-Sasakian manifold where ff” =0 and 6 # constant. 


Proof. When first and the second equations of solved together, we obtain 
6 f =0. For 6 # constant and 6 f = 0; we get that f = 0 which is a contradiction to the 
definition of bi- f-harmonic curve. 

Case I-6: If N a a-para-Kenmotsu manifold, ff’ = 0 and 6 4 constant then from 
equation we have following equations; 


Af (52 — ea?) + 355 f =0, 
2e1(f')? — f*(2a? — e,6*) = 0, 


2e15(f')? + derff'S + P(58 + 075 + e189 + 218") = 0. 


Then, we have the following corollary. 


Corollary 6.5. Let N be a a-para-Kenmotsu manifold where ff’ = 0, 6 # constant and 
y:I— N be a Frenet Legendre curve. Then y is a bi-f-harmonic curve where the function 


f and the scalar curvature r are given by; 


and 
(6)? 906)? 
e102 = 52 8(E1a? an 62)? , 


+ Ey 


where 6 is the solution of 3¢162(5 )? — 2(2a? — €16?)(e,a? — 62)? = 0 differential equation and 


and e,a? — 6? £0. 
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Case I-7: If N is a paracosymplectic manifold, f f° = 0 and 6 ¥ constant then from 


(6.30), we obtain following equations; 

Aff 6? +3f756 =0, 

2€16(f')? + 4erf fo + P56 + £153 +610") =0. 
We have the following corollary. 


Corollary 6.6. Let N be a paracosymplectic manifold where ff = 0, 6 4 constant and 
vy: I — N be a Frenet Legendre curve. Then y is a bi-f-harmonic curve where the function 


f and the scalar curvature r are given by; 


and 


r= 26167 QE] + 


Case II : Assume that 6 = constant is not equal to 0. Then we shall investigate the 


following subcases: 


Case IT-1: If N a three dimensional 6-para-Sasakian manifold then we have following 


equations from (6.27); 
(fF) + 4f F8 =0, 
fp e=0, (6.32) 
aff" + 2(F') + f(Ser + 36e1 + 6) = 0. 

Hence, we give the following theorem; 


Theorem 6.3. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen- 


sional 8-para-Sasakian manifold where 6 = constant 4 0. 


Proof. From (6.32), the proof is obvious. 
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Case II-2: If N a three dimensional a-para-Kenmotsu manifold and 6 = constant 4 0 


then we have following equations from (6.27); 
(ff) +4ff ( — e107) =0, 
8ff" + 2(f')? — f?(2a7e1 — 6) =0, 


Bf" +2(f')2 + Per 4+ ae, +62) =0. 


So, we have the following corollary; 


Corollary 6.7. Let y : I —> N be a Frenet Legendre curve in a three dimensional a- 
para-Kenmotsu manifold N. Then y is a bi-f-harmonic curve where 6 = constant # 0, 
the constant scalar curvature equals to r = —6a? and the function f is a solution of the 


non-linear differential equations given as; 
(ff) +4ff (8 — e107) =0, 
Baf f’ +2a(f )? — f2(2a8e, — ad?) = 0. 


Case II-3: If N a three dimensional paracosymplectic manifold and 6 = constant 4 0 


then we obtain the following equations from (6.27); 


(ff') +4f fo =0, 
(6.33) 


Bf f" +2(f')2 + PGer iat 


Then we have, 


Corollary 6.8. Let y : I —> N be a Frenet Legendre curve in a pracosymplectic manifold 
N. Then y is a bi-f-harmonic curve where 6 = constant 4 0, the scalar curvature r is given 


by; 


Ww / 


r= 6] f ta(E) 926° 


and the function f is a solution of the non-linear differential equations given in equation 


(6.35). 


Case II-4: If N a three dimensional normal almost paracontact metric manifold, ff” = 0 


and 6 = constant # 0 then from (6.27), we obtain that + is a bi- f-harmonic Frenet Legendre 
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curve if and only if 
Af f (62 — ea?) =0, 
2e10(f')? + 4f f'58 — f2(20 — e106") = 0, (6.34) 


2e15(f')? + derf fap + fP(55 + 076 + 3676 + e158) =0. 


Hence we give, 


Corollary 6.9. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in N 
where a, 8 = constant, ff” =0 and 6 = constant #0). Then y is a bi-f-harmonic curve iff 


f is a solution of non-linear differential equations given in equation (6.34). 


Case IT-5: If N a three dimensional 6-para-Sasakian manifold and 6 = constant 4 0 


then we have following equations from (6.27); 
aie =, 
ff 5B =0, (6.35) 
€16(f')? + £(£6 + 3676 + €163) = 0. 

So, we have the following nonexistence theorem. 


Theorem 6.4. There is no proper bi-f-harmonic Frenet Legendre curve in a three dimen- 


sional 8-para-Sasakian manifold where 6 = constant 4 0. 


Case II-6: If N a three dimensional a-para-Kenmotsu manifold and 6 = constant 4 0 


then we have following equations from (6.27); 
ff (®& —e107) =0, 
deaf  — far = 210") = 0, (6.36) 


2e1(f')? + ac +a? +162) =0. 


Corollary 6.10. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in 
three dimensional a-para-Kenmotsu manifold N where 6 = constant £0. Then y is a proper 
bi-f-harmonic curve iff the scalar curvature equals to r = —6a? and the function f is the 


solution of 2(f)2+ ff (e162 — a?) — f2(2e10? — 62) = 0. 
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Case II-7: If N a three dimensional paracosymplectic manifold and 6 = constant 4 0 


then we have following equations from (6.27); 


Af f'52 =0, 
(6.37) 


e16(f')? + £ (56 + e163) =0. 


Then we give 


Theorem 6.5. There is no bi-f-harmonic Frenet Legendre curve in a three dimensional 
paracosymplectic manifold where 6 = constant # 0. 
7. BIMINIMAL FRENET LEGENDRE CURVES 


In this section, the conditions for a Frenet curve to be biminimal are obtained in N. Be- 
sides, detailed calculations have been made for various manifolds as in the previous sections. 
By using normal components of tension and bitension fields, the condition of being biminimal 


curve is obtained by using the formula given as below, 17]; 


aM = [rr — Air) = 0. (7.38) 


Let determine the biminimality condition for a Frenet Legendre curve in N. First, let give 


the tension and bitension fields respectively; 


T(y) = —e10€ — €,09T, 


19(7) = 365 T + (—3876 — a5 5 €16° — €16 )yT + (—286 + 203 — ae 6?é. 


Hence by using normal components of tension and bitension fields the biminimality condition 


is obtained as below; 


r ” 
[ra,a(V)I" (—3676 — 076 56 16° —€16 + AeE16) pT 


(—286 +2a° — ae16 + rAS1a)E 


= 0. (7.39) 
By using this condition, we can give the following theorems; 


Theorem 7.1. Let y: 1 —> N be a Frenet Legendre curve in a three dimensional normal 


almost paracontact metric manifold N where a, = constant. Then y is a biminimal curve 
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iff the following equations hold: 


3875 +076 +56 +610? +616 — reid =0, 
(7.40) 


—285 + 203 — ae16? + AE1a = 0. 


Theorem 7.2. Let y: I —> N be a Frenet Legendre curve in a three dimensional normal 
almost paracontact metric manifold N where a, 8 = constant. Then y is a biminimal curve 


where the scalar curvature r is given by; 


aw 


CS 2615 4 


where 6 is the solution of the second differential equation of (7.40). 


Now, we give the interpretations of Theorem 
Case I: Assume that 6 is not constant. Then we shall investigate the following subcases. 


Case I-1: If N is a three dimensional (-para-Sasakian manifold and 6 4 constant then 


from (7.40), we obtain following equations; 


36°75 + 56 +610? +16 — Ae16 = 0, 
(7.41) 


266 =0. 


Then we obtain the following nonexistence theorem. 


Theorem 7.3. There is no biminimal Frenet Legendre curve in a B-para-Sasakian manifold 


where 6 4 constant. 


Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 4 constant then 


from (7.40), we obtain following equations; 


a5 — £5 — 2169 — £16" + re16 = 0, 
(7.42) 


2a° — ae16? + AE1a = 0. 


So we give, 


Theorem 7.4. There is no biminimal Frenet Legendre curve in a three dimensional a-para- 


Kenmotsu manifold N where 6 4 constant. 
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Proof. From (7.42), we find that 6 = /2e,a? + \ but we accept 6 4 constant where 
a = constant. 
Case I-3: If N is a three dimensional paracosymplectic manifold and 6 4 constant then 


from (7.40), we obtain following equation; 
5 +€163 +616" — de15 = 0. 
Hence we have, 


Corollary 7.1. Let y: I —> N be a Frenet Legendre curve in a three dimensional para- 
cosymplectic manifold N and 6 4 constant. Then y is a biminimal curve iff the scalar 


curvature r is given by; 


r= ae Dorie 2XEq. 


Case IT: Assume that d6=constant is not equal to 0. Then we shall investigate the following 
subcases: 
Case II-1: If N is a three dimensional 6-para-Sasakian manifold and 6 = constant 4 0 


then from (7.40), we obtain following equation; 
Dad 2 
38 ay ete — AE; = 0. 
Hence, we give the following theorem. 


Corollary 7.2. Let y: I —> N be a Frenet Legendre curve in a three dimensional B-para- 
Sasakian manifold N and 6 = constant £0. Then y is a biminimal curve where the constant 


scalar curvature r is given by; 
r = 2€16? — 66? + 2Xe1. 


Case IT-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 = constant 4 0 


then from (7.40), we obtain we obtain following equations; 


a? ; £167 AE] = 0, 


2a? = £162 + AE] = 0. 


Then we obtain the following corollary. 
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Corollary 7.3. Let y : I —> N be a Frenet Legendre curve in a three dimensional a- 
para-Kenmotsu manifold N and 6 = constant # 0. Then y is a biminimal curve where the 


constant scalar curvature r is given by; 
r= -—6a*. 


Case IT-3: If N is a three dimensional paracosymplectic manifold and 6 = constant 4 0 


then from (7.40), we obtain following equation; 
. e167 — AE, = 0. 
2 

So we have, 


Corollary 7.4. Let y : I —> N be a Frenet Legendre curve in a three dimensional para- 
cosymplectic manifold N. Then y is a biminimal curve where the constant scalar curvature 


r is given by; 


— =9656° + 2Ae1. 


8. f-BIMINIMAL FRENET LEGENDRE CURVES 


Finally in this section, we give f-biminimality conditions for a Frenet curve in N and also 
particular cases such as: $-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds. 
From the Definition we know that the condition of being f-biminimal curve given as 
below, ; 


[par = lar — Alte = 0. 


Then using the normal components of tension and bitension fields, given by (4.16) and 
(5.21), f-biminimality condition is obtained as below; 


a 


[Tar,p(VI> = [(—a?d — 3675 — 16° — e16 56 + e108) f 


2e1(aB+6)f —e1df ]yT 


+ ((203 — 1067 — 285 + re10)f — 268f' —e1af’ )E 


= 0. (8.43) 


Theorem 8.1. Let y: 1 —> N be a Frenet Legendre curve in a three dimensional normal 


almost paracontact metric manifold where a, 8 = constant. Then y is an f-biminimal curve 
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iff the following equations hold: 
(a7de1 + 387de1 +03 +6 + 5e18 — 6) f +2(abB+5)f +6f" =0, 
(8.44) 
(203 — eyad? — 285 + AK1a)f — 266 f —e1af’ =0. 


Now, we give the interpretations of Theorem 
Case I: Assume that 6 is not constant. Then we shall investigate the following subcases: 


Case I-1: If N is a three dimensional 6-para-Sasakian manifold and 6 4 constant then 
from (8.44), we obtain following equations; 
(3625e, + 63 +6" + 518 — dd) f +25 f +6" =0, 
(8.45) 
BOF) =0. 


Corollary 8.1. Let y : I —> N be a Frenet Legendre curve parametrized by arc length 
in three dimensional G-para-Sasakian manifold N where 6 4 constant. Then y is an f- 


biminimal curve iff the function f and the scalar curvature r equals: 


and 
if / 


r= 2e\(A— 0 — - = 86%2)) = te(Z) — 2€16(2(5) 5 — 5 6-?), 


Case I-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 4 constant then 


from (8.44), we obtain following equations; 


A 


(ade, + 0° +6 4 seu) dO) f +265 f' + 5f" =0, 


(8.46) 
(203 — 2,062 + rAe10) f — e,af’ =0. 


Corollary 8.2. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in 
three dimensional a-para-Kenmotsu manifold N and 6 4 constant. Then y is an f-biminimal 


curve iff f is a solution of non-linear differential equations given in (8.46). 


Case I-2: If N is a three dimensional paracosymplectic manifold and 6 4 constant then 


from (8.44), we obtain following equation; 


(e108 +618" + 5 << Jepeaae F cer =i (8.47) 
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Corollary 8.3. Let y: I —> N be a Frenet Legendre curve parametrized by arc length in 
three dimensional paracosymplectic manifold N and 6 4 constant. Then y is an f-biminimal 


curve iff f is a solution of non-linear differential equation given in (8.47). 


Case II: Assume that 6 = constant is not equal to 0. Then we shall investigate the 


following subcases: 


(ade, + 362de, + 3 + ed — 5) f + (a8) f’ + df" =0, 
° (8.48) 


(203 — e106? + re1a) f — 266 f' — e,af” =0. 
Case II-1: If N is a three dimensional $-para-Sasakian manifold and 6 = constant 4 0 then 
from (8.44), we obtain following equations; 


(3625e, +63 + 5614 — 5) f +f" =0, 
(8.49) 


256 f =0. 


Then we obtain the following nonexistence theorem; 


Theorem 8.2. There is no proper f-biminimal Frenet Legendre curve in a three dimensional 


B-para-Sasakian manifold where 6 = constant # 0. 


Proof. From the second equation of (8.49), the proof is obvious. 
Case IT-2: If N is a three dimensional a-para-Kenmotsu manifold and 6 = constant 4 0 


then from (8.44), we obtain following equations; 


(ate, + 62 + fl —r)f +f’ =0, 
(8.50) 


(Qa72, — 62 +A)f —f’ =0. 


Corollary 8.4. Let y : I —> N be a Frenet Legendre curve in a three dimensional a- 
para-Kenmotsu manifold N and 6 = constant #0. Then y is an f-biminimal curve where 
the constant scalar curvature equals to r = —6a? and the function f is a solution of the 


non-linear differential equations given in (8.50). 
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ABSTRACT. The paper deals with the study of almost Ricci (AR) soliton and gradient al- 
most Ricci (GAR) soliton on 3-dimensional Lorentzian para a-Sasakian manifolds (a- LPS 
manifolds). Finally, we also provide an example of AR soliton. 
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Almost Ricci soliton, Gradient almost Ricci soliton. 
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1. INTRODUCTION 


As a generalization of an Einstein metric [6], Ricci soliton first defined in 1982 by Hamilton 
[19]. A pseudo-Riemannian manifold (IM, g,) defines a Ricci soliton with a smooth vector 
field V on M such that 


£ygs + 2S — 271g, = 0, (1.1) 


where £y is the Lie derivative along the vector field V and S' is the Ricci tensor on M and 
T, is a real scalar. Ricci soliton is said to be shrinking 7, < 0, steady 71 = 0 or expanding 
T > 0, [8]. A Ricci soliton is changed into Einstein equation with V zero or killing vector 
field. 
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The study of almost Ricci soliton was presented by Pigola et al. [23], in this manner they 
gave new version of the definition of Ricci soliton by adding new condition on the parameter 
7 to be a variable function, we say that a Riemannian manifold (M,g,) admits an almost 
Ricci soliton, if there exists a complete vector field V, called potential vector field and a 


smooth soliton function 7, : M — R satisfying 
1 


where S and £ represent Ricci tensor and Lie derivative along the direction of soliton vector 
field V. We shall now refer to this equation as the fundamental equation of an almost Ricci 
soliton (M, g., V,71). Ricci soliton will be called shrinking, steady or expanding, respectively, 
if 7, < 0,7, =0 or 7% > 0. For remaining it will be called indefinite. When the vector field V 
is gradient of a smooth function f : M — R the metric will be called gradient almost Ricci 


soliton. So, we obtain 


Say Sa (1.3) 


where V?f means for the Hessian of f. 

Additionally, if the vector field Xj, is trivial, or the potential f is constant, the almost 
Ricci soliton is said to be trivial, otherwise it is said to be non-trivial almost Ricci soliton. 
We observe that when n > 3 and _ Xj is a killing vector field almost Ricci solitons will be Ricci 
solitons. So in this situtation we have an Einstein manifold. The soliton function 7, is not 
necessarily constant, certainly comparison with soliton theory will be modified. In particular 
the rigidity result contained in Theorem 1.3 of inform that almost Ricci solitons should 
reveal a reasonably broad generalization of the important concept of classical soliton. 

The presence of Ricci almost soliton has been affirmed by Pigola et al. on some 
specific class of warped product manifolds. Some characterization of Ricci almost soliton on 
Riemannian manifolds can be found in [I] {4} 5} [7] [78] [26]. It is important to note that if the 
potential vector field V of the Ricci almost soliton (IM, g.,V,71) is Killing then the soliton 
becomes trivial, provided the dimension of M > 2. Additionally, if V is conformal then M 
is isometric to Euclidean sphere S”. Thus the Ricci almost soliton is a generalization of 
Einstein metric as well as Ricci soliton. 

In , authors studied Ricci solitons and gradient Ricci solitons geometric properties on 
3-dimensional normal almost contact metric manifolds. In authors studied compact Ricci 
soliton. In author studied K-contact and Sasakian manifolds whose metric is gradient 


almost Ricci solitons. Conditions of K-contact and Sasakian manifolds are more stronger 
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than almost normal contact metric manifolds in the sense of the 1-form of almost normal 
contact metric manifolds are not contact form. Ricci soliton as well as gradient Ricci soliton 
have been studied by many authors such as [14]. 

Sharma obtained results on Ricci almost solitons in K-contact geometry, also in 
author studied Ricci almost solitons and gradient Ricci almost solitons in (k, j1)-contact 
geometry and Majhi on 3-dimensional f-Kenmotsu manifolds also De and Mandal 
studied for structure (k, j)-Paracontact geometry. Motivated by above studies in this paper, 
we are interested to study almost Ricci solitons and gradient Ricci almost solitons with 
Lorentzian para a-Sasakian manifolds. 

We are studying the following sections: Section 2 contains important definitions and some 
preliminary results of Lorentzian para a-Sasakian (a- LPS) manifolds needed for the study. 
In section 3, we deal second order parallel symmetric tensors a- LPS manifolds. In section 
4, we obtain result for almost Ricci (AR) soliton in 3-dimensional a-LPS manifolds. In the 
Section 5, we deduce theorem for such manifolds with gradient almost Ricci (GAR) solitons. 


Finally, we give an example of 3-dimensional (a- LPS)manifolds with almost Ricci soliton. 


2. a- LPS MANIFOLDS 


A differentiable manifold M of (2n + 1) dimensional is said to be an a- LPS manifolds, 
if it cosist a tensor field J of type (1,1), a characteristic vector field ¢;, a 1-form 7, and g, 
as Lorentzian metric satisfy (see [21]) : 


PX, = Xi +m(X)a, (2.4) 

M(C1) = —1, me (X1) = gx(X1, G1), (2.5) 

JC, =0, mo J =0, (2.6) 

9x( TX, JV1) = ge(X1,¥1) + (Xa) (M1). (2.7) 


Definition 2.1. A differentiable manifold M with an almost contact Lorentzian metric struc- 


ture (J, C1, +, 9g») 1s said to be an a-LS manifold if 
(Vx,J)Y1 = at gs (X1, Yi)Ci =e 1 (Vi) Xi}, (2.8) 


where a is a constant function on M. 
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An almost contact metric structure is called a LPS manifold (or simply Lorentzian para- 


Sasakian manifold) if, (for details see [9]) 
(VxyJ)¥1 = ge (X1, Yada +m (V1) Xa + 2m (Xr) meV), (2.9) 


where V is the Levi-Civita connection with respect to g,. Using above equation, one can 
obtain 


VxiG = JXi, (Vx,m)Y1 = gx(X1, SY)). (2.10) 


Definition 2.2. A differentiable manifold M with an almost contact Lorentzian metric struc- 


ture (J, C1, «; gx) 1s called an a-LPS manifold if 


(Vx, J)% = at g.(X1, Yi) = nx (¥1).X4 a 27 (X1) (Yi) C1 f, (2.11) 


where a is a smooth function on M. 


Remark- Note that if a = 1, then LPS manifold is the special case of a-LPS manifold. 
For an a-LPS manifold following relations are holds [3]: 


VxiG =aJXi, (2:12) 
(Vxim) Yi = ags(JX1, Vi), (2.13) 
R(X1,%)G = 07 {me(¥i)X1 — m(X1) Ni} (2.14) 


+{(X1a)JY1 = (Yia)JXy}, 


RGYWG = {Xi t+m(Yia} (2.15) 
+(Gia)JY1, 

RG.) = 90, (2.16) 

RIG Y)X1 = a? {g.(X1, Vi)G — m(X1)Vi} (2.17) 


—(Xa) JY, + gx(JX1, Y1)(grada), 
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S(V%1, C1) = 2na?n, (Vi) — {(Yia)w + (JYi)a}, 


(2.18) 


for any vector field Yj on M, w = gx(J(e;),e;) and S defines the Ricci curvature on M. 


S(G1, 61) = —2na? — (G1a)w, 


and 


ne(R(X1,¥i)Z1) = a? {ge(¥i, Z1)m(X1) — ge(X1, Z1)m(Vi)} 


—{(X1a)g.(JVi, 21) — (Yia)gs(XiJ, Z1)}- 


In a 3-dimensional Riemannian manifold, we always have 


R(X1,Y%)Z1 = o(%1, Z1)OX1 — 94(%1, 71)QNi 
49(%, ZX — $(X1, ZN 


r 


In a 3-dimensional a-LPS manifold, we have 


7 
R(X1,Y%1)2, = 5 = 07 )[9«(%1, Z1)X1 — 9x(X1, Z1)Y1] 


+15 — 80°] lo (Vi, Z1)me( Xa) 


—9x(X1, Z1) (V1) C1 + me (V1) (21) X1 


— (X14) (Z1) Vi], 
and 
S(X1,21) = [5 -a7loe(X, Zi) 


+15 ~ 80? }ne(X1)n6(¥4). 


Putting Z, = ¢ in (2.17), we have 


(2.19) 


(2.20) 


(2.21) 


(2.22) 


(2.23) 
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R(X1%)G = m(Y)QX1 — 7 (X1)QN (2.24) 


+5(¥1, 61)-%1 — $(X1,40)1 
i 


5 lim (¥1) X41 — x(X1)¥1], 


and 


S(X1, G4) = 2a7n, (X1). (235) 
where Q is the Ricci operator define by S(X1, Yi) = gx(Q.X1, Yi). 
Definition 2.3. An a-LPS manifold M is called an Einstein like if its Ricci tensor S satisfies 
S(X1,¥1) = ag.(X1, Vi) + b9.(JX1, V1) (2.26) 
+ens(X1)(¥1), 


X1,Y1 € (M) for some real constants a,b and c. 


3. SECOND ORDER PARALLEL SYMMETRIC TENSORS IN AN a-LPS MANIFOLD 


Fix h a symmetric tensor field of (0, 2)-type which we suppose to be parallel with respect 
to V that is Vk = 0. Applying the Ricci identity 


V7h(X1, V1; 21, Wi) — V7h(X1, ¥1; Wi, 21) = 0, (3.07) 


we obtain the relation 


A(R(X, ¥i) 715 Wi) + h(Z, R(X1, ¥i)Wi1) = 0. (3.28) 


Replacing Z, = W, = ( in (3.2) and by using (2.11) and by the symmetry of h, we have 


a” [ns (Yi) A(X4, C1) — me (XaA(M, Cr) (3.29) 
+(X,a)h(JY}, 41) _ (Yia)h(IX, (1) = 0. 


Putting X; = ¢ in (3.3) and by virtue of (2.2) and (2.3), we obtain 


a7 In (YRC, G) + h(Y%1, G)] + (Gaya(JY1, G1) = 0. (3.30) 


Replacing Y; = JY in (3.4), we have 
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(C1@) [me (Vi) a(G1, 1) + AM, Gi)] + a7 A(JY1, G1) = 0. 


Solving (3.4) and (3.5), we have 


(a* — (C1a)) [ne (Ya )A(Ga, G1) + h(Y, G1)] = 0. 


Since a* — (Cia)? 4 0, it results 


ACY, G1) = —m (Yi) ACG, C1), 


from (3.7), we obtain 


A(Y1, C1) + ge (¥1, G1) ACG, C1) = 0. 


Putting Y; = Vx,Yi in (3.7), we have 


A(V.x,¥1, 01) + 9e(Vix Mi, G1) AG, G) = 0. 


Covariantly differentiating (3.7) with respect to X1, we obtain 


(Vx, h)(¥1,01) + h(V x, V1, 61) + A(%1, Vx1,01) 
= —[9.(Vx,%1, 61) + (M1, Vx, JRC, C1) 
—nx(Yi)[(Vx,2) (G1, C1) + 2A(V x, G41, C1) 


= 00: 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


(3.35) 


(3.36) 


Applying the parallel condition Vh = 0, m(Vx,G1) = 0 and using (2.9) and (3.6) in (3.9), 


we infer 


a[h(¥1, IX1) + gx(¥1, FX1)h(C1, C1)] = 0. 


Replacing X; = JX in (3.11) and on simplification, we get 


alh(X1, Yi) + g(X1, Yi)h(G, 1) = 0, 


since a@ is non-zero smooth function in an a-LPS manifold and this implies that 


A(X, V1) = —94(X1, Yi) AG, G1); 


(3.37) 


(3.38) 


(3.39) 
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which is together with the standard fact that the parallelism of h implies that h(¢1,¢1) is a 


constant, via (3.6). Now using the above conditions, we can write the following: 


Theorem 3.1. A second order covariant symmetric parallel tensor in an a-LPS manifold is 


a constant multiple of the metric tensor. 


4. AR SOLITONS ON 3-DIMENSIONAL a-LPS MANIFOLDS 


This section deal with the characterization of AR, solitons on 3-dimensional a-LPS man- 
ifolds. Consider the potential vector field V be pointwise collinear, V = b¢,, where Db is a 


function on M. Then from (1.1) we have 


gx(V x, 01, Yi) + ge(Vy, 061, X1) + 28(X1, Vi) = 27194(X1, Vi). (4.40) 


By virtue of (2.9) and (4.1), we have 


2bags(IX1, Yi) + (Xb) (1) (4.41) 
+(Y1b)n.(X1) + 25(X1, V1) 


= 2719.(X1,Y1). 
Substituting Y; = ¢; in (4.2) and using (2.21), we get 
—(X1b) + (Gib) (X1) + 40° (X1) = 271% (X12). (4.42) 


Taking X, = ¢ in (4.3), we infer 


(1b = 7 — 2a”. (4.43) 
Substituting the value of ¢1b in (4.3), we have 
db = (207 — 71) nx. (4.44) 


Operating d on (4.5) and using d? = 0, we obtain 


0 = d*b = (2a? — 1) dn. (4.45) 


It follows from the above equation 


T = 2a’, 
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which implies db = 0, i.e., b = constant, by virtue of db = (2a? —7,)n,. Thus, using constancy 


of b in (4.2), we infer 


S(X1,%1) = T19%(%1, Yi) — abg.(FX1, V1) (4.46) 
—2(2a7 — 71) (X1)m (Yi), 


which is of the form $(X,, Yi) = agx(X1, Y1) + bgx(JX1, Yi) + en. (X1)7«(¥1). Hence, we can 


state the following result: 


Theorem 4.1. A 3-dimensional a-LPS manifold (M,¢1,7«, 9) with constant a admitting 
an AR soliton with pointwise collinear vector field V with the structure vector field (1, is an 


Einstein like manifold provided 7; = 2a? > 0 i.e., expanding. 


Now let V = ¢;. Then (4.1) reduces to 


(£6, 9«)(X1, ¥1) + 25(X1,¥%1) = 271.94(X1, Yi). (4.47) 


Now, by using (2.9) we have 


(£6,9)(X1,V1) = ge(Vx.G,%1) + (Vy, G1, X1) 


2agx(JX1, Yi). (4.48) 


Using (2.19), we get 


(Lom )(N) = —2(F- 0?) 9(%,%) (4.49) 
+ (5 - 30”) me(X1)m(¥i)] 


+2719x(X1, Y1). 


In view of (4.9) and (4.10), we obtain 


ag.(JX1,¥1) = -1(5 - 0”) o(%a,%4) (4.50) 
+ (5-30?) ne(X1)ne(¥)] 


+71 94(X1, V1). 
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Taking X, = Y; = ¢ in (4.11), we obtain 


7 = 20%. (4.51) 


Since a is constant. This implies rt; = 2a? =constant. Hence, we can establish the following 


result. 


Theorem 4.2. A 3-dimensional a-LPS manifold (M,C, 1,9») admits AR soliton then it 


reduces to a Ricci soliton for a =constant. 


5. GRADIENT ALMOST Ricci (GAR) SOLITONS 


In this part, we study 3-dimensional a-LPS manifolds admitting GAR soliton. For a GAR 


soliton, we have 


Vy,Df =nYi -— QNi, (5:52) 


where D symbolize the gradient operator of gx. 


Now taking covariant differentiation of (5.1) along arbitrary vector field X,, we have 


Vx,Vy,Df = dr1(X1)V1 + mVxiYi _ (Vx,Q)¥1. (5.53) 


In above equation d is exterior derivative, using this similarly we obtain 


Vy,Vx,Df = dy (Y1)X1 + m1Vy,X1 — (Vy,Q)X1, (5.54) 


and 


Vix njPf = 7[X1, Yi] - Q[X1, Yi). (5.55) 


In view of (5.2), (5.3) and (5.4), we get 


R(X1,%1)Df = Vx, Vy, Df -Vy,Vx,Df - VixyyPf (5.56) 
= (Vy,Q)X1 -—(Vx,Q)N% — (Yin) X1 + (Xi)N. 


From (2.19), we have 


Ox = 5 — o)X,+ 5 ~ 302]n.(X1)C1. (5.57) 
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Taking covariant differentiation of (5.6) along arbitrary vector field X, and using (2.9), we 


have 


xan = (2) mi +ncae 
site, G = 3a”) [ge(TX1,¥i) + ne(V) IX). (5.58) 
Similarly, we have 
(Vy,Q)X1 = (=) [X1 + x (X1)C1] 
ey (= ss 30°) foeTVi, Xa) ED IVa, (5.59) 


Using (5.7) and (5.8) in (5.5), we have 


R(X1,Yi)Df = (=) [X1+n(XG] +e (5 & 30”) te(X1) IY) 
= (=) [Yi + 7(Yi)Gi] — (5 = 30°) (Yi) IX 
—(Yi71)X1 + (Xi71)¥1. (5.60) 


Taking an inner product with ¢; in above equation, then we obtain 


gx (R(X1, V1) Df, 61) = —(¥171) me (X1) + (X171) (11). (5.61) 


Taking Y, = ¢,, then we infer 


gx(R(X1, GDF, G1) = —(Git1) (X11) — (X171). (5.62) 


Also from (2.18), it follows that 


gx(R(X1, 4) DF, 61) = 07 [(G1 fn (X1) — (X1f)]- (5.63) 


Using (5.9) in (5.10), we get 


a? [(C.f)ne(X1) — (Xi F)] = — (Cari) (X1) — (X171). (5.64) 


Assuming that f is constant. Then it follows from (5.11) that 
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dm] + (CiT1) = 0. (5.65) 


Applying d both sides of (5.14), we obtain 


C171 = 0. (5.66) 


By virtue of (5.14) and (5.15), we get 


dr, = 0. (5.67) 


This implies 7, is constant. Hence, we can establish the following result: 


Theorem 5.1. A 3-dimensional a-LPS manifold (M, G1, x, 9x) admits a GAR soliton then 


it reduces to a Ricci soliton provided f is constant. 


6. EXAMPLE 


We consider the 3-dimensional manifold M = {(2,y,t) € R?:t 4 0}, where (a, y,t) are 


the standard coordinates in R®. We choose the vector fields 


OQ ~ ) 0 ~ ) 
bos. = t —— —— — a 
Cn 5? Be a a and F3 oer 


which are linearly independent at each point of M. Let g, be the Lorentzian metric defined 


by 


E, = 


gx(E1, Ea) = gx(B2, E3) = g.(E3, E1) = 0, 


gx(E, E1) = gx (Ez, E2) = 1, gx(E3, £3) =-l. 


Let 7, be the 1- form defined by 7,(Z,) = gx(Z1, 3) for any vector field Z; on M. We 
define the (1,1) tensor field J as J(E,) = —E,, J(E2) = —E2 and J(E3) = 0. Then using 


the linearity of J and g,, we have 


1x (E3) = oi: PZ, =21+ ne(Z1) Bs, 


gx(JZ1, JW) = gx(Z1,W1) + (21) (W1), 
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for any vector fields Z,,W , on M. Thus for £3 = (1, the structure (J,C1, 7, 9+) defines an 
almost contact metric structure on M. 
Let V be the Levi-Civita connection with respect to the Lorentzian metric g,. Then, we 


have 


[E,, Fy] = 0, [E,, E3] = —e Fy and [Eo, E3] = —el Fp. 


Koszul’s formula is defined by 


29x(VxiNi,Z1) = Xigse(Yi,Z1) + Yige(Z1,X1) — Zige(X1,%) 


—9x(X1,[¥1, Z1]) — 94 (V1, [X1, Zi]) + 94 (Z1, [X1, Mi). 


Using Koszul’s formula, we can easily calculate 


From the above, it follows that the manifold satisfies 


(Vx, J)¥1 = af gn(X1, Yar + me (¥1)X1 + 2m (X1) me (V) Gf, 


for Ez = ¢. anda = ef, (J, C1, 9x) is a 3-dimensional a-LPS structure on M. Conse- 
quently M3(J, C1, , 9) is a 3-dimensional a-LPS manifold. Also, the Riemannian curvature 


tensor R is given by 


R(X, V1) Z1 = Vx Vy, 21 — Vy,V x, Z1 -— Vix yyZ1- 
With the help of above results, we obtain 
R(E£), Ey) By = —e2' Ey, R( Ey, E2)E3 = 0, R(Ey, Ea) Ey = —e2' Fy, 
R( Ey, £3) Ey = —e2'E3, R(E1, 3) E2 = 0, R(E1, £3) 3 = —e2' Bs. 


R( £2, £3)E, = 0, R( Eo, E3)B2 = —e2 F3, R( Eo, E3)B3 = —e?! Ep. 
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Then, the Ricci tensor S' is given by 
S(£, E,) = 0,S(E2, 2) =0 and S(E3, F3) = —2e;". 


from equation (1.2) and above calculation, we find 7, = 2e!(1 — ef). 


Thus 3-dimensional a-LPS manifold admitting an AR soliton. 
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ABSTRACT. We study biwarped product submanifolds with a slant base factor in locally 
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1. INTRODUCTION 


Let (Mi,g;) be Riemannian manifolds for i € {0,1,2} and let fi2 : Mop — (0,00) be 
smooth functions. Then the biwarped product or twice warped product manifold 
Mo Xf; Mi X f, Mz is the product manifold M = Mo x M, x Me endowed with the metric 


9 = T9(G0) © (f° %0)° mT (91) ® (fo © 70)? 775 (g2). 
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More precisely, for any vector fields X and Y of M, we have 


2 


(X,Y) = go(m.X,70.¥) + > (fio 70)?G:(m4, X,Y), 
i=1 


where 7; : M -+ M; is the canonical projection of M onto M;, 7*(gi) is the pullback of 9; 
by a; and the subscript 7;, denotes the derivative map of 7; for each i. The functions f; 
and fz are called warping functions and each manifold (M;,9;), 7 € {1,2} is called a fiber 
of the biwarped product M. The factor (Mo, go) is called a base manifold of M. As well 
known, the base manifold of M is totally geodesic and the fibers of M are totally umbilic in 
M. We say that a biwarped product manifold is trivial, if the warping functions f; and fo 
are constants. Of course, biwarped product manifolds are natural generalizations of warped 


product manifolds [7] and special case of multiply warped product manifolds [14]. 


Let Mo x ¢, M1 x 4, M2 be a biwarped product manifold with the Levi-Civita connection 
V and V’ denote the Levi-Civita connection of M; for i € {0,1,2}. By usual convenience, 
we denote the set of lifts of vector fields on M; by £(M;) and use the same notation for a 
vector field and for its lifts. On the other hand, since the map 7 is an isometry and 7, and 
1 are (positive) homotheties, they preserve the Levi-Civita connections. Thus there is no 
confusion using the same notation for a connection on M; and for its pullback via 7;. Then, 


the covariant derivative formulas [23] for a biwarped product manifold are given by 


VuV =VEV (1.1) 

Vvx =VxV = Vln, Xx (2) 

VxZ= { . EET (1.3) 
Vi Z — g(X, Z)V° (In fi) if i=j, 


where U,V € £L(Mo), X € £(M;) and Z € £(M;). 


The theory of warped product submanifolds has been become a popular research area 
since Chen [8] studied the warped product CR-submanifolds in Kaehler manifolds. Actually, 
several classes of warped product submanifolds appeared in the last eighteen years. Also, 
warped product submanifolds have been studied for different kinds of structures. Most of 
the studies related to the theory of warped product submanifolds can be found in Chen’s 
book [10]. Recently, Tastan studied biwarped product submanifolds of a Kaehler manifold 
(M, J,g) of the form M7 Xx f M+ x, M®, where M7 is a holomorphic, M+ is a totally real 
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and M® is a pointwise slant submanifold of M 20]. Afterwards, biwarped product submani- 
folds have been studying by many geometers for different kinds of structures (see, [2] {21} |22]). 


In this paper, we study biwarped product submanifolds with a slant base factor in locally 
product Riemannian manifolds. More precisely, we consider biwarped product submanifolds 
of the form M? xf M? x, M+, where M® is a slant, M+ is an anti-invariant and M7 is an 
invariant submanifold of the locally product Riemannian manifold. After giving a non-trivial 
example and some auxiliary results, we prove an existence theorem for such submanifolds. 
Then, we investigate the behavior of the second fundamental form of such a submanifold and 
as a result, we get a condition for this kind of submanifold to be a warped product. Finally, 
we obtain an inequality for the squared norm of the second fundamental form in terms of 
the warping functions for such submanifolds. The equality case is also considered. Moreover, 
we give an application of this inequality for certain types of locally product Riemannian 


manifolds. 


Remark 1.1. Biwarped product submanifolds of the form M® x p MP x~M+ in locally product 
Riemannian manifolds were also studied in (22). However, expect the first four equations of 
Lemma|[5. 1 our results are completely different from the results of [22|. Besides, biwarped 
product submanifolds of the form M+ Xf M? x, M® in locally product Riemannian manifolds 
were studied in [2], where M® is a proper pointwise slant submanifold of the locally product 
Riemannian manifold. But, the geometry of M° xf M? x, M+ and the geometry of M+ xf 


M? x, M® are quite different. 


2. PRELIMINARIES 


We first recall the fundamental definitions and notions needed for further study. In fact, 
we will give the notions for submanifolds of Riemannian manifolds in subsection 2.1. In 


subsection 2.2, we recall the definition of a locally product Riemannian manifold. 


2.1. Riemannian submanifolds. Let M be a Riemannian manifold isometrically immersed 
in a Riemannian manifold (M,g) and V be the Levi-Civita connection of M with respect to 
the metric g. Also, let V and V+ be the Levi-Civita connection and normal connection of 


M, respectively. Then the Gauss and Weingarten formulas are given respectively by 


VvW=VvW+AR(V,W) and VyZ=-AzV4+VPZ. (2.4) 
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Here V,W are the tangent vector fields to M and Z is normal to M. In addition, h is the 
second fundamental form and Az is the Weingarten operator of M associated with Z. Then, 


we have 
(RV, W), Z) = g(AzV,W). (2.5) 


For a submanifold M of a Riemannian manifold M, the equation of Gauss is given by 


R(U,V,Z,W) = R(U,V, Z,W) + g(h(U, Z), h(V, W)) — g(h(U, W), RLV, Z)) (2.6) 


for any U,V,Z,W €1T(T'M), where R and R are the curvature tensors on M and M respec- 
tively. The mean curvature vector H for an orthonormal frame {e1,...,€m} of tangent space 


T,M, p€ M on M is defined by 


1 
f= 2 iinet = — S~ h(ei, ei); (2.7) 
ae TI 
where m = dimM. Also, we set 
hi; = g(h(ei,e;),er) and || h|?= S° g(A(e:,e;), h(ei,€;)). (2.8) 
ij=l 


Moreover, the sectional curvature [24] of a plane section spanned by e; and e;, denoted by 
Ki;, is 


Ki; = R(e:, €3, €j, €i). (2.9) 


The scalar curvature |9| of M of is given by 
7TM)= So) Ky: (2.10) 
1<ipj<m 


Let G, be a r-plane section on TM and {e1,...,e,} any orthonormal basis of G. Then the 


scalar curvature 7(G,) of G, is given by 
mG )= SiGe (2.11) 
1<iAj<r 


For a smooth function f on M, the Laplacian of f is defined by 


m 


Af =) A(Veei)f— e(e(f))} =— 2 9(VeV hei); (2.12) 


i=l i=1 


where Vf is the gradient of f [9]. 
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2.2. Locally product Riemannian manifolds. Let M be a Riemannian manifold. Sup- 


pose M is endowed with a tensor field 
F=I, (FFD) (2.13) 


of type (1,1). Here, J is the identity endomorphism on TM. Then, (M,g,F) called an 
almost product manifold and F is called an almost product structure. Also, we assume that 
g and F satisfy 

GPA FY ) HG XY (2.14) 
for all vector fields X,Y tangent to M. Then, it is known that (M,9,F) is an almost product 


Riemannian manifold. Let V be the Levi-Civita connection of (M,g,F). If we have 
VF =0, (2:15) 


then (M,g,F) is a locally product Riemannian manifold, (briefly, l.p.R. manifold). 


Let M1(c1) (resp. Mo(c2)) be a real space form and have sectional curvature c; (resp. C2). 


Then, the Riemannian curvature tensor R of l.p.R. manifold M = M, x Mp has the form 


1 
ROY )Z = ri + ¢2)§ g(V, Z)U — g(U, Z)V + g(FV, Z)FU — g(FU, Z)FV 


1 
- ri —c2)¢ g(V,Z)FU — g(U, Z)FV + (FV, Z)U — g(FU, Z)V >, 


for all U,V, Z €T(TM) 4]. 


(2.16) 


3. SKEW SEMI-INVARIANT SUBMANIFOLDS OF ORDER 1 IN LOCALLY PRODUCT 


RIEMANNIAN MANIFOLDS 


We first recall the definition of the skew semi-invariant submanifolds of order 1 of a locally 


product Riemannian manifold and get some useful results for the further study. 


Let (M,g,F) be a l.p.R. manifold and let M be a submanifold of M. If for X € Dy, the 
angle @ between FX and Dy is constant, i.e., it is independent of p¢ M and X € Dp, then 
D is called a slant distribution on M. @ is said the slant angle of the slant distribution D. 
Thus, the invariant and anti-invariant distributions with respect to F are slant distributions 
with slant angle 6 = 0 and 0 = 7/2, respectively. If the tangent bundle TM of M is slant 
then the submanifold M of M is called a slant submanifold. A slant submanifold 


that is neither invariant nor anti-invariant is called a proper slant submanifold. 
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Let M bea slant submanifold with slant angle 0 of a locally product Riemannian manifold 


(M,9,F), for any V €T(TM), we write 


FV =PV+QV. (3.17) 


Here PV is the tangential part of FV and NV is the normal part of FV. Then, for any 
U,V €IT(TM) we have 


P?V = cos*6V, (3.18) 


g(PU, PV) = cos"6g(U,V) and g(NU, NV) =sin?6g(U,V). (3.19) 


A submanifold M of a locally product Riemannian manifold (M,g,F) is said a skew semi- 
invariant submanifold of order 1 (briefly, s.s-i.) if the tangent bundle TM of M has the 


form 


TM =D, 8DrePo, 


where Dg is slant distribution with slant angle 6, Dr is an invariant distribution, i.e., FDp C 
Pr, D, is an anti-invariant distribution, i.e. FD, C T+M. In that case, the normal bundle 


T+M of M can be decomposed as 


T'M = N(D9) @F(D1) @ Pr, (3.20) 


where Dr is the orthogonal complementary distribution of N(Dg) @ F(D_) in T+M and it 


is an invariant subbundle of T+ M with respect to F. 


Remark 3.1. The class of s.s-i1. submanifolds of order 1 of locally product Riemannian 
manifolds is a special subclass of skew semi-invariant submanifolds and a natural gen- 
eralization of invariant, anti-invariant [1], semi-invariant |6], slant [15], semi-slant and 


hemi-slant submanifolds of locally product Riemannian manifolds. 
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Lemma 3.1. Let M be a proper s.s-i. submanifold of order 1 of a Lp.R. manifold 
(M,9,F). Then, 


g(VzW,U) =— csc°6f g( An pw U) + g(AnwZ, Fu}, (3.21) 
i V2W,X) = sec20 gl Asx Z,PW) + o(AnpwZ,X)}, (3.22) 
'VnV,2Z) = exc°0{ (Avr2U,V) +o(An2U.FV)}, (3.23) 
g(VuV, X) = g(ArxU, FV), (3.24) 
(Vx¥,Z) =~ s00{ g(AzyX, PZ) + o(Anp2X.¥)}, (3.25) 
AVE VIS ao AX FV: (3.26) 
g(VxZ,V) =— csc? g(Avr2X. V) + g(AnzX, Fv}, (3.27) 
504 Vv) Spee ZV) (3.28) 
gVo4,2) == sec’ o(Arxt PZ)+ lAxpatt,X)} (3.29) 


for Z,W ET (Ds), U,V €T(Dr) and X,Y €T(D,). 


Theorem 3.1. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann- 
ian manifold (M,g,F). Then the slant distribution Dg is totally geodesic iff the following 
equations hold 
9 AnpwZ,V) = -g(AnwZ,FV), (3.30) 
g(ArxZ, PW) = —g(AnpwZ,X), (3.31) 


for Z,WeE T(Do), Ve (Dr) and X € I(D_). 


Proof. The distribution Dg is totally geodesic iff gVzW, X) = 0 and g(VzW,V) = 0 for 
all Z,W €T'(Dg), X ET (D1) and V ET(Dr). Thus, the assertions (3.30) and (3.31) follow 


from (3.21) and (3.22), respectively. 


Theorem 3.2. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann- 

ian manifold (M,g,F). Then the invariant distribution Dr is integrable iff the following 
equations hold 

g(ArxU, FV) = g(ArxV, FU), (3.32) 

9 Anpzu,V) + g(AnzU, FV) = g(AnpzV,U) + g(AnzV, FU), (3.33) 


for U,V ET (Dr), X €T(D_) and Z ET (Dp). 
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Proof. The distribution Dr is integrable iff g([U,V],X) = 0 and g({U,V], Z) = 0 for all 
Z € (De), X € T(D_,) and U,V € I(Dr). Thus, the assertions (3.32) and (3.33) follow 


from (3.23) and (3.24), respectively. 


Theorem 3.3. Let M be a proper s.s-i. submanifold of order 1 of a locally product Rie- 
mannian manifold (M,g,F). Then the anti-invariant distribution D, is integrable iff the 
following equations hold 


g(AFxY, FV) = g(AryX, FV), (3.34) 


for X,Y € I(D_), Ve I(Dr) and Z € I'(Do). 


Proof. The distribution D, is integrable iff g([X,Y], Z) = 0 and g([X,Y],V) = 0 for all 
Z €T(De), X,Y € T(D,) and V € [(Dr). Thus, the assertions (3.34) and (3.35) follow 


from (3.25) and (3.26), respectively. 


4. BIWARPED PRODUCT SUBMANIFOLDS IN LOCALLY PRODUCT RIEMANNIAN MANIFOLDS 


We first check that the existence of biwarped product submanifolds of the form, M7? x f 
Mt x, M®, Mt x f M® x, M? and Mg x Ff M? x, M+, where M~ is an anti-invariant, M? 


ia a proper slant and M@ is an invariant submanifold of a 1.p.R. manifold (M,g,F). 


M. Atcgeken and B. Sahin independently proved that there do not exist (non-trivial) 
warped product semi-invariant submanifolds of the form M7 x tM + in a Lp.R. manifold 
(M,g,F), such that M7 is an invariant submanifold and M+ is an anti-invariant submani- 
fold of (M,g,F) in [4, Theorem 3.1] and [16] Theorem 3.1], respectively. Again, M. Atceken 
and B. Sahin independently proved that there do not exist (non-trivial) warped product 
semi-slant submanifolds of the form M7? x 4M ® in a Lp.R. manifold M, such that M7 is an 
invariant submanifold and M® is a proper slant submanifold of M in [B| Theorem 3.3] and 


Theorem 3.1], respectively. Thus, we obtain the following result. 


Corollary 4.1. There do not exist (non-trivial) biwarped product submanifolds of the form 
MT xf M+ x, M® of a lp.R. manifold (M,g,F) such that M7 is an invariant, M+ is an 


anti-invariant and M® is a proper slant submanifold of M. 


On the other hand, it was proved that there do not exist (non-trivial) warped product 


submanifolds of the form M+ x ¢M® inal.p.R. manifold M such that M+ is an anti-invariant 
f 
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submanifold and M® is a proper slant submanifold of M in [3] Theorem 3.4]. Thus, we deduce 


the following result. 


Corollary 4.2. There do not exist (non-trivial) biwarped product submanifolds of the form 
M+ x-M° x, M® of al.p.R. manifold (M,g,F) such that M+ is an anti-invariant, M® is 


a proper slant submanifold and M7 is an invariant submanifold of M. 


Now, we consider (non-trivial) biwarped product submanifolds in the form M® x ¢ M7 x, 
M+ in al.p.R. manifold (M,g,F) such that M7? is an invariant, M+ is an anti-invariant and 


M® isa proper slant submanifold of M. Firstly, we present an example of such a submanifold. 


Example 4.1. Consider the 8-dimensional Euclidean space R® with standard metric g and 


almost product structure F given by 


FO,=0;, FO. =a, F 03 = —03, FO4 = —O4, 


FO = GG, Fg = 08; FO; = Oz, F 03 = On, 


where O, = om k € {1,...,8} and (x1, 29,...,2g) are natural coordinates of R°. Upon a 
straightforward calculation, we see that (R°,F,g) is a l.p.R. manifold. Let M be a submani- 
fold of (R°,F,g) given by 


, t t 
21 =tsinu v2 =tcosu x3 = —~cosu v4 = —~sinv 
’ ; 3 ’ 


v2 V2 


t5 = 2tsinz, re = 0, t7 = 2tcosz, rg = 0, 


where u,v € (0,5) andt >0. Then, the local frame of TM is given by 


1 1 
Z =sin uO, + cos ud2 + —= cos v3 + —= sin v04 + 2sin xOs + 2.cos 207, 


v2 V2 


U =tcos ud, — tsin udd, 


t t 
V =— — sin v03 + —= cos v04, 


v2 V2 


X =2tcos xOs — 2tsin x07. 


After some calculation, we see that Dg = span{Z} is a proper slant distribution with slant 
angle 0 = cos-!(+-) and Dr = span{U,V} is an invariant distribution and D, = span{X} 


is an anti-invariant distribution. Moreover, Dg is totally geodesic and both Dr and D\ are 
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integrable distributions. If we denote the integral manifolds of De, Dr and Dy by M®, MT 
and M+, respectively, then the induced metric tensor of M is 

eis. oreo La 24.2 
ds = Gut + t*(du + 5du ) + 4° dx 
= gy + tayt + (2)? oun - 
Thus, M = M® Xf M? x, M+ is a (non-trivial) biwarped product proper s.s-i. submanifold 


of order 1 of (R°,F,g) with warping functions f =t and o = 2t. 


5. BIWARPED PRODUCT PROPER SKEW SEMI-INVARIANT SUBMANIFOLDS 


OF ORDER 1 OF THE FORM M® x; M? x, M+ 


First, we give a characterization for biwarped product proper s.s-i. submanifolds of order 1 
of the form M® x fu Tx ,M+, where M® is a proper slant submanifold, M7 is an invariant and 
M+ is an anti invariant submanifold of a 1-p.R. manifold (M,g,F). After that we investigate 
the behavior of the second fundamental form of such submanifolds and as a result, we give a 
condition for these submanifolds to be locally warped product. Firstly, we recall the following 


fact given in [LJ] to prove our theorem. 


Remark 5.1. ({11| Remark 2.1]) Suppose that the tangent bundle of a Riemannian manifold 
M splits into an orthogonal sum TM =Dip @D,0...0 Dx of non-trivial distributions such 
that each D; is spherical and its complement in TM is autoparallel for j € {1,2,...,k}. Then 


the manifold M is locally isometric to a multiply warped product Mo x f, M2 x f, x... Xf, Me. 
Now, we give one of the main theorems of this paper. 


Theorem 5.1. Let M be a (Dg,D..)-mized geodesic proper s.s-i. submanifold of order 1 
of a Lp.R. manifold (M,g,F). Then M is a locally biwarped product submanifold of type 
M?® Xf M? x, M~ iff we have 


AnpzX = cos"9Z(A)X, (5.36) 


AnzV + AnpzFV = —sin?0Z(p)FV (5.37) 


for smooth functions X and ys satisfying X(A) = V(A) = 0 and X(u) = V(z) = 0 and 
g(ArxZ, PW) = —g(AnpwZ, X), (5.38) 


g(ArxU, FV) =0, (5.39) 


OCs Gz ey ea (5.40) 
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g(ArxZ, FU) =0, (5.41) 
g(ArxU, PZ) = —g(Anpzu,X), (5.42) 
for Z,W €T (De), U,V ET (Dr), X,Y €T(D,). 
Proof. For any Z €T(De), U €T(Dr) and X € T(D_), using and (3.17), 
g(AnpzX,U) = —g(VxNPZ,U) =—-g(VxFPZ,U) + 9(VxP?Z,U). 
By using - and (3.18), we find 
g(AnpzX,U) = —g(VxPZ, FU) + cos0g(VxZ,U). 
Here, using (2.4), we arrive to 
g(AnpzX,U) = —9(Vx PZ, FU) + cos*0g(VxZ,U). 
So, using (1.2), we conclude that 
g(AnpzX,U) = —PZ(Ino)g(X, FU) + cos*0Z(Ina)g(X,U) = 0. (5.43) 
Since M is (Dg, D,)-mixed geodesic, for W € I'(Do) using (2.5), we find 
g(AnpzX, W) = g(h(X,W), NPZ) = 0. (5.44) 
Next, by a similar argument, for Y € [(D_), using and (3.17), we have 
g(h(X,Y), NZ) = g(VxY,NZ) =g(VxY, FZ) — g(VxY, PZ). 
Then using (2.14), (2.15) and (1-2), we find 
g(h(X,Y), NZ) = g(VxFY, Z) + PZ(Ino)g(X,Y). 
Hence using and (2.5), we arrive to 
g(h(X, Y), NZ) = —g(AryX, Z) + PZ(Ino)g(X,Y) 


= —g(h(X, Z), FY) + PZ(Ino)g(X,Y). 


In this equation, if we interchange Z with PZ, then we have 
g(h(X,Y), NPZ) = —g(h(X, PZ), FY) + cos*0Z(Ino)g(X,Y). 
Since M is (Dg, D_)-mixed geodesic, we conclude that 


g(AnpzX,Y) = cos*0Z(Ina)g(X,Y). (5.45) 
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Moreover, we have X(Ing) = V(Inc) = 0, since o depends only on the points of M*. So, 


we conclude that A = Ino. Thus, from - (5.45), it follows that (5.36). Now, we prove 
(5.37). For Z €T(De), VET (Dr) and X € T(D_), using and (3.17), we have 
g(AnzV + AnpzFV,X) = 9(AnzV,X) + 9(AnpzFV,X) 
= g(AnzX,V) + 9(AnpzX, FV) 
= —-g(VxNZ,V) —9(VxNPZ,FV) 
= —-9(VxNZ,V) —g(VxFPZ, FV) 
+9(VxP?Z, FV). 


Using (2.14), (2.15), and(3.18) and, we arrive to 


g(AnzV + AnpzFV,X) = —g(VxFZ, V) + g(VxPZ, V) _ g(VxPZ, V) 
+ cos?6g(VxZ, FV) + X (cos?) 9(Z, FV) 
= —g(VxFZ,V) + cos*0g(VxZ,FV). 


Then, using (1.2), (2.4), = (2.15), we find 


g(AnzV + AnpzFV,X) = —9(VxZ,FV) + cos*09(VxZ, FV) 
= —9(VxZ, FV) + cos*0g(VxZ, FV) 
= —sin?0g(VxZ, FV) 


= —sin?0Z(Inc)g(X, FV). 
Since g(X, FV) = 0, we conclude that 


g(AnzV + AnpzFV, X) = —sin?0Z(Ino)g(X,FV) =0. (5.46) 


Similarly, for Z,W € T(Dg) and V € T(Dr), using and (3.17), we have 
g(AnzV + AnpzF¥V,W) = g(AnzV,W) + 9(AnpzFV,W) 
= g(AnzW,V) + g(AnpzW,FV) 
g(VwNZ,V) —9(VwNPZ, FV) 
g(VwNZ,V) -—g(VwFPZ,FV) 
+9(VwP?Z,FV). 


Using (2.14), (2.15), (3.17) and (3.18), we arrive to 


gAnzV + AnpezFV,W) = -9(VwFZ,V) + 9(VwPZ,V) —9(VwPZ,V) 
+ cos?6g(VwZ, FV) + W(cos?0)g(Z, FV) 
= —9(VwFZ, V) + cos?09(VwZ, FV) 
+W (cos?0)9(Z, FV). 
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Then, using (1.2), (2.4), = (2.15), we find 
g(AnzV + AnpzFV,W) =—g(VwZ,FV) + cos?0g(VwZ, FV) 
+W (cos?0)q(Z, FV) 
= —9(VwZ, FV) + cos? 0g(VwZ, FV) + W(cos?0)g(Z, FV) 
= —sin?69(VwZ, FV) + W(cos?0)g(Z, FV) 
= —sin? (V$,Z,FV) + W(cos?0)9(Z, FV). 
Since gz, FV) =0 and g(Z, FV) = 0, we conclude that 


g(AnzV + AnpzFV,W) = —sin?0g(V%,Z, FV) + W(cos*6)g(Z, FV) = 0. (5.47) 


On the other hand, for Z € [(Dg) and U,V € T(Dr), using and (3.17), we get 
g(AnzV + AnpzF¥V,U) = 9(AnzV,U) + g(AnpzFV,U) 
= g(AnzU,V) + g(AnpzU, FV) 
= -9(VuNZ,V) — 9(VuNPZ, FV) 
= —9(VuNZ,V) —9(VuFPZ,FV) 
+9(VuP?Z,FV). 


Using (2.14), (2.15), (8.17) and (3.18), we arrive to 


g(AnzV + Anp2FV,U) =—9(VuFZ,V) + 9(VuPZ,V) —9(VuPZ,V) 
+ cos?69(VuZ, FV) + U(cos?0)g(Z, FV) 
= —9(VuFZ, V) + cos” 0g(VuZ, FV) 
+U (cos”0)g(Z, FV). 
Since U[cos?6] = 0, using (1-2), (2.4), - (2.15), we find 
g(AnzV + AnpzFV,U) =~-g(VuZ,FV) + cos6g(VuZ, FV) 

= —g(VuZ, FV) + cos*0g(VuZ, FV) 
= —sin?0g(VuZ, FV) 
= —sin?0Z(In f)g(U, FV). 


So, we conclude that 
g(AnzV + AnpzFV,U) = —sin?0Z(In f)g(FV,U). (5.48) 


Moreover, we have X (In f) = V(In f) = 0, since f depends only on the points of M®. So, we 
conclude that w = In f. Thus from — (5.48), we get (5.37). 

Next, we prove — (5.42).We know M is a biwarped product proper s.s-i. submanifold 
of order 1 of a locally product Riemannian manifold (M,g,F). Then, for Z,W € I(Dp), 
using (1-4), we get VzW = Vow and for X € T'(D_),we have 


g(VzW, X) = sec?0{g(AzxZ, PW) + 9(AnpwZ, X)} = 9(VZW, X) =0 
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from (3.22). Since M® is a proper slant submanifold, it follows that 
g(AFxZ, PW) + g(AnpwZ, X) = 0, 


which gives (5.38). For U,V € T'(Dr) and X,Y € T(D,), using (1.3), we get g(VuV, X) = 
g(VEV — g(U,V)V(In f), X) = 0. Then from (3.24) we find 


g(VuV, X) = g(AFxU, FV) = 0. 


Therefore, we get (5.39). For U € I(Dr) and X,Y € T'(D_), using (1.3), we get 9. VxY,U) = 
g(V+xY — 9(X,Y)V(Inc),U) = 0. Then from (3.26) we find, 


g(VxY,U) = —-g(Ary X, FU) =0. 


Hence, we conclude that (5.40). For X € T(D,), Z © (Dg) and U € T'(Dr), using (1.2), 
we write g(VzX, FU) = g(Z(Ino)X, FU) = Z(Ino)g(Z, FU) = 0. On the other hand, from 
(3.28) we find 


g(VzX,FU) = —g(AFxZ, FU) =0. 


Thus, we get (5.41). For X € I(D,), Z € T'(Do) and U € I(Dr), using (1.3), we have 
g(VuX, Z) =0. Then, from (3.29) we find, 


g(VuX, Z) = —sec?6{g(AzxU, PZ) + g(AnpzU, X)} = 0. 


It follows (5.42). 


Conversely, assume that M is a proper (Dg,D__)-mixed geodesic s.s-i. submanifold of 
order 1 of a locally product Riemannian manifold (M,g,F) such that - hold. 
From (5.38), we get (3.31). On the other hand if we write FV instead of V and W instead 
of Z in (5.37), we find AvwFV + AnpwV = —sin?@W()V. If we take inner product. of 
this equation with Z € I'(Dg), we get 


gAnwFV + AnpwV,Z) = 9(AnwZ,FV) + g(AnpwZ,V) 
= —sin?0W()9(V, Z) = 0. 


So, (3.30) holds. Thus from Theorem (3.1), the slant distribution Dg is totally geodesic 
and as a result, it is integrable. On the other hand, from (5.39), for all U,V € [(Dr) and 
X €T(D_), we write g/ArxV,FU) = 0. Thus, g(ArxV,FU) = g(AFxU, FV), which is 
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(3.32). On the other hand, in (5.37), if we write FV instead of V, we find AyzF¥V+AnpzV = 


—sin?0Z(u)V. If we take inner product of this equation with U € (Dr), we arrive at 


g(AnzFV + AnpzV,U) =g(AnzFV,U) + g(AnpzV,U) 


(5.49) 
= —sin?0Z(p)g(V,U). 
Here, if we interchange U and V in (5.49), we find 
g(AnzFU + AnpzU,V) = 9(AnzFU,V) + g(Anpzu,V) (5.50) 


= —sin?0Z(p)g(U, V). 


From and (5.50), we get g/AwzU, FV)+9(Anpzu,V) = g(AnzV, FU)+g(AnpzV,U). 
This is (3.33). Thus, by Teorem 3.2 the invariant distribution Dr is integrable. On the other 
hand, for all X,Y € [(D,) and U € I'(Dr), we have g(AryX, FU) = 0 from (5.40). It fol- 
lows that g(Ary X, FU) = g(ArxY,FU) =0. That is (3.34). Also, we get 

g(VxY, Z) = —sec?0{g(h(Y, PZ), FX) + 9(AnpzX,Y)} from (3.25). Since M is (Dg, D1)- 
mixed geodesic, it follows that g(h(Y, PZ), 7X) = 0. Then, we find g(VxY, Z) = g(VyX, Z). 
Thus follows. Then by Theorem the totally real distributions D, is integrable. 
Let M°, M7 and M+ be the integral manifolds of Dg, Dr and D |, respectively. If we denote 
the second fundamental form of M7 in M by h’, for U,V € I(Dr) and X € I(D,), using 


(2.4), and (5.39), we have 
g(h7 (U,V), X) = 9(VuV, X) = g(AFXU, FV) =0. (5.51) 
For any, U,V € T'(Dr) and Z € (Dg), using (2.4) and (3.23), we get 
g(h! U,V), Z) = 9(VuV, Z) = esc*0g(AnpzU, V) + g(AnzU, FV). 
At this equation, if we use (5.37), we have 
g(h" (U,V), Z) = esc’0g(AwpzV + AnzFV,U) = —Z(u)9(V,U). 
After some calculation, we obtain 
g(h" (U,V), Z) = 9(-9(U,V) Vn, 2), (5.52) 
where Vy is the gradient of yu. Thus, from and (5.52), we conclude that 
h? (U,V) = —g(U,V)V pu. 


This equation says that M7 is totally umbilic in M with the mean curvature vector field —V pu. 


Now, we show that —Vy is parallel. We have to satisfy g(VuV yu, E) = 0 for U € T(Dr) and 
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E € (Dr)t =Do @D,. Here, we can put E = Z + X, where Z € T(Dg) and X € T(D,). 


By direct computations, we obtain 


g(VuVy,E) = {Ug(Vp, E)— 9(Ve, VuE)} 
= U(E(u)) — [U, E](u) — g(Vn, VeU) 
= [U, E](u) + BU (u)) — (U, E\(#) — 9(V, Vev) 
= —9(VE, VeU) = —9(Vu, VzU) — (VE, Vx), 
since U(w) = 0. Here, for any W € I'(Dg), we have g(VzU,W) = —g(U,VzW) = 0, since 
M?® is totally geodesic in M. Thus, VzU € I'(Dr) or VzU €I(D_,). In either case, we have 


g(Vpu, VzU) = 0. (5.53) 
On the other hand, from (3.27), we have 
g(VxU, W) = —g(U, VxW) = — csc*0{g(AnpwX,U) + g(AnwX, FU)}. 
Here, using (5.37), we obtain 
g(VxU,W) = g(W(u)U, X) = 0. 
That is, VxU €T(Dr) or VxU €T(D_). In either case, we get 
g(Vu, VxU) =0. (5.54) 


From (5.53) and (5.54), we find 


g(VuV pn, E) = 0. 


Thus, M7 is spherical, since it is also totally umbilic. Consequently, Dr is spherical. 


Next, we show that D, is spherical. Let ht denote the second fundamental form of M+ in 


M. Then for X,Y €T(D,) and U €T (Dp), using (2.4), and (5.40), we have 
g(ht(X,Y),U) = g(VxY,U) = —g(AryX, FU) = 0. (5.55) 
On the other hand, for any 7 € I'(Dg), using 
g(ht (X,Y), Z) = —sec?6{g(h(X, PZ), FY) + g(AnpzX,Y)}. 
Since M, (Dg, D__)-mixed geodesic, g(h(X, PZ), FY) = 0. So, we have 
g(h~ (X,Y), Z) = —g(AnpzX,Y). 


Using (5.36), we obtain 


glh* (X, ¥),2) a —Z(A)g(X,Y). 
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By a direct calculation, we get 
g(h~ (X,Y), Z) = —g(VAg(X,Y), Z), (5.56) 
where VX is the gradient of A. From and (5.56), we obtain 
h*(X, ¥) ==9(X, Y)VA. 
So M+ is totally umbilic in M and the mean curvature vector field is -V\. What’s left 
is to show that —VA is parallel. We have to satisfy g(VxVA, E) = 0 for X € ['(D_,) and 


E €(D,)+ =D @Dr. The proof is similar to the parallelity of —Vyu. So we omit it. —VA 


is parallel. So, M+ is spherical, since it is also totally umbilic. Consequently, D, is spherical. 


Lastly, we prove that (Dr)+ = Dp 6D, and (D a a = De 6 Dr are autoparallel. In fact, 
Do @ D_ is autoparallel iff all for four types of covariant derivatives VzW,VzX,VxZ,VxY 
are again in '(Dg ® D_) for Z,W € T(De) and X,Y € T'(D_). This is equivalent to say 
that all four inner products g(VzW,U), g(VzX,U), g(VxZ,U), g(VxY,U) vanish, where 


U €1(Dr). Using (8.21) and (5.37), we find 


WVzW,U) =-csc*6{g(AnpwZ,U) + 9(AnwZ, FU)} 
i esc?0g(AnpwU + AnwTU, Z) 
=W(n)g9U, Z) = 0. 


Using (3.28) and (5.41), we find 
Vex =p Ae ZF) =o. 
By (3.27) and (5.37), we get 


g(VxZ,U) = —csc20{g(AnpzX,U) + g(AnzX, FU)} =0. 


By (3.26) and (5.40), we find 
g(VxY,U) = —g(Ary X, FU) =0. 
Thus, De 6 D_ is autoparallel. On the other hand, Dg © Pr is autoparallel iff all four 


inner products g(VzW, X), g(VzU, X),9(VuZ, X), g(VuV, X) vanish, where Z,W € T(Dp), 
U,V €T(Dr) and X €T(D_). Firstly, we have already g(VzU, X) = 0 from above. Using 


(3.22) and (5.38), we get 


g(VzW, xX) = sec*0{g(Azx Z, PW) + g(AnpwZ, X)} = 0. 
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Using and (5.39), we find 


g(VuV, X) = g(AFxU, FV) = 0. 


And for last one, by (3.29) and (5.42), we get 
g(VuZ, X) = —g(VuX, Z) = sec*0{g(A¢xU, PZ) + g(AnpzU, X)} = 0. 


So, De @Pr is autoparallel. Thus by Remark|5.1| M is locally biwarped product submanifold 
of the form M? Xf M? x, M+. 

Next, we investigate the behavior of the second fundamental form fA of a non-trivial 
biwarped product s.s-i. submanifold of order 1 of a locally product Riemannian manifold 


M,9,F) of the form M® x + M7 x, Mt. 
f 


Lemma 5.1. Let M be a biwarped product proper s.s-i. submanifold of order 1 of the form 
M® x f M? x, M+ of al.p.R. manifold (M,g,F). Then for h of M in (M,g,F), we have 


g(h(U, V), NW) = —W(In f)g(U, FV) + PW(In f)g(U,V), (5.57) 
g(h(Z,U), NW) =0, (5.58) 
g(h(X,U), NW) = 0, (5.59) 
g(h(Z,U), FX) =0, (5.60) 
g(h(X,U), FY) =0, (5.61) 
gh, V),FX) =0, (5.62) 


where Z,W €T(De), X,Y €T(D_) and U,V ET (Dr). 


Proof. For U,V €T(Dr) and W € I(Dop), using (2.4), (2.13) — (2.15) and (3.17), we have 


g(h(U,V),NW) = 9(VuV,NW) =-g(V,VuNW) 
= —9(V, Vu FW) + g(V, VuPW) 
= —g(FV,VuW) +9(V, VuPW) 
= —g(FV,VuW) + 9(V, Vu PW) 
= —W(ln f)g(FV,U) + PW(In f)g(U,V). 
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Thus, we get (5.57). Now, using (2.4), 2.15) and (3.17), we get 
g(h(Z,U), NW) = 9(VzU, NW) = -g(U,VzNW) 
= —g(U,VzFW) + g(U,VzPW) 
= —g(FU,VzW) + g(U, VzPW) 
= 9(W, Vz(FU)) — 9(VzU, PW) 
= g(W,VzFU) — g(VzU, PW), 


for Z,W €T(Do) and U €I(Dr). Here using (1-2), we get 
fh(Z,U), NW) = Z(In f)g(W, FU) — Z(In f)g(U, PW) = 


since g(W, FU) = g(U, PW) = 0. So (5.58) follows. The proof of (5.59) is similar. 
For Z €T'(Dg), X €T(D,) and U €T(Dr), using (2.4), (2-13) — (2.15) and (3.17), we get 
g(h(Z,U),FX) = 9(VzU,FX) = —g(U,VzFX) 
= —g(FU,VzX) = —g(FU, VzX) 
= —Z(Ino)g(FU, X) =0 


since g(FU, X) = 0. So follows. Next, using (2.4), — (2.15), 8.17 3.17) and (1.3) we 


get 
g(A(X,U),FY) = 9(VxU,FY) =—-g(U,VxFY) 

= —g(FU, VxY) = —g(FU, VxY) 

- eis Y\=0 
for U €1(Dr) and X,Y € T(D,). Thus, (5.61) follows. Lastly, using 2.4), (2.13) — (2.15), 
(3.17) and we get 

g(R(U,V),FX) =9(VuV,FX) =—g(V, VuFX) 
= ~9(FV, VuX) = —g(FV, VuX) =0 
for U,V € T(Dr) and X € T(D_). So, we have (5.62). The other assertions can be obtained 
by a similar way. 
The previous lemma shows partially us the behavior of the second fundamental form h of 


the biwarped product proper s.s-i. submanifolds of order 1 of the form M® x 5M Ty, Mt 
in the normal subbundle N(Dg) and F(D_). 


Remark 5.2. The equations (5.57), (5.58), (5.59) and (5.60) also were obtained as Lemma 


3.1-(tt), Lemma 3.1-(i), Lemma 3.3-(t) and Lemma 3.3-(i), respectively in [22]. 


By using (5.58) — (5.61), we immediately have the following result. 
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Corollary 5.1. Let M be a biwarped-product proper s.s-i. submanifold of order 1 of the 
form M® x-M* x, M+ of a locally product Riemannian manifold (M,g,F) such that the 


invariant normal subbundle Dp = {0}. Then M is (Dr,D_) and (Dr, Do)-mired geodesic. 
Lastly, we give another main result of this section. 


Theorem 5.2. Let M be a biwarped-product proper s.s-i. submanifold of order 1 in the form 
M® x f M? x, M+ of alp.R. manifold (M,g,F) such that its invariant normal subbundle 
Dr = {0}. Then M is a locally warped product in the form M® x M? x, M+ iff M is 


Dr-geodesic. 


Proof. If M is a locally warped product of the form M® x M7 x, M+, then the warping 
function f is constant. By (5.57), we have 


g(h(U, V), NW) = —W(In f)g(U, FV) + PW(in f)g(U,V) =0 


for U,V € I(Dr) and W € I(Do), since W(In f) = PW(Inf) = 0. Using this fact and 
(5.62), it follows that h(U,V) = 0. Which say us M is Dp-geodesic. 
Conversely, let MM be Dr-geodesic. Then for any U,V € T(Dr) and W € T'(De), we have 


W (In f)g(U, FV) + PW (In f)g(U, V) =0 (5.63) 
from (5.57). If we put W = PW in and using (3.18), we obtain 
PW (In f)g(U, FV) + cos?0W (In f)g(U, V) = 0. (5.64) 
If we replace V by FV in (5.64), then becomes 
PW (In f)g(U, V) + cos2OW (In f)g(U, FV) = 0. (5.65) 
From and (5.65), we get 
sin?@W (In f)g(U, FV) =0 (5.66) 


for any U,V € T(Dr) and W € T(Dg). Since (5.66) is true for any U,V € T'(Dr), it is also 
true for FV € I(Dr). So (5.66) becomes 


sin?6W (In f)g(U, V) = 0. (5.67) 


Since M is proper, sind 4 0, we can deduce that W(In f) = 0 from (5.67). Namely, we find 


f as aconstant. Thus, M must be a locally warped product in the form M® x M7? x, M+. 
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6. AN INEQUALITY FOR NON-TRIVIAL BIWARPED PRODUCT S.S-I. SUBMANIFOLDS OF 


ORDER 1 OF THE FORM M® xp M? x, M+ 


In this section, we shall establish an inequality for the squared norm of the second fun- 
damental form in terms of the warping functions for biwarped product skew semi-invariant 
submanifolds of order 1 of the form M? x Ff M? x, M+, where M® is a proper slant, M7 is 


a invariant and M+ is an anti-invariant submanifold in a l-p.R. manifold (IM, 9g, F). 


Let Mo x f, M1 x 7, Mz be a biwarped product submanifold in a Riemannian manifold M. 


Then from [9], we write 


Re ae 5 ((VxpXo)(Fi 2) 


a 
ae (6.68) 
Raa) Ky= OVO: 4 gana 
Sif; 
for each unit vector X; tangent to M;. If we consider the local orthonormal frame {e1, €2,...,€m} 


of TM, in view of Gauss equation (2.6), we derive 
m 
(TM)=7(TM)+ YO SO (win = mi), (6.69) 
r=m+11<ixj<m 


where m—m = dimT!M. 


Now we are ready to prove the general inequality. Let M be am = mop +m, + m2- 
dimensional biwarped product s.s-i. submanifolds of order 1 of type M® x 4M sx, M~ ina 


locally product Riemannian manifold (M,g,#). A canonical orthonormal basis is given by 


{e1, +++ €mos moths: ++ €mo+tmis Emotmitls +++» emotmitmesemt1s-+- vm} of TM such that 
{e€1,..-,€mo} is an orthonormal basis of TM®, {€mo+1,---;€mo+m,} is an orthonormal basis 
of TM?, {€mo+my+1) +++) €mo-+m+mz } is an orthonormal basis of TM, {€m+1,---,€m} is an 


orthonormal basis of T+ M. 


Theorem 6.1. Let M = M® x pM x ~M+ be an m-dimensional non-trivial biwarped product 


s.s-t. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold 


(M,g,F). Then 


(i) the second fundamental form of M satisfies 


5 || hl? => 70M) —7(0M®) —7(TM7) — 7(TM*+) 
Af Ao (Vf, Vo) (6.70) 


mg Ff MmyzM~g , 
oO fo 


my 
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where m, = dimM?™ and m2 = dimM". 


(ii) The equality case of the inequality (6.70) holds identically iff M° is also totally geo- 
desic in M, and both M7 and M+ are totally wmbilic in M. 


Proof. Putting U =W =e; and V = Z =e; in Gauss equation (2.6), we obtain 


R(Eei, Ej, js ei) — R(ei, Ej, €j, ei) + g(h(ei, e;), h(ei, e;)) = g(h(ei, ei); h(e;, e;)). 
Taking summation, over 1 < i, 7 < m(i #7) in above equation, we obtain 
27(TM) = 27(TM) —m? || A |? + | All. 


Then from (2.11), we derive 


1 9 m? 2 _ 
sla? = Sa P+e@M)- SO Ky 
1si<j<mo 
mo Mo+tmM4 


a ee Ss Ky-)) d) Ky 


mot+l<i<j<cmo+tmy mo+tms+1<i<j7<mo+m4+mM2 i=1 j=mot+1l 
mo mo+tmi+m2 mo+tmi, mMo+tmi+m2 

_ ) ) Kij _ ) ) Ky. 
i=1 j=mo+m)+41 i=mo+l1 j=mMo+m14+1 


Hence, we obtain 


1 m? 
sAIF = HIP +7(rM) -—7(PM®) - 7(7M*) — r(TM"+) 
mo mo+tm), mo Mo+m1+mM2 mMo+tm, mo+tmi+mg2 
> 3 ie) a E> SE Lc. 
w=1 j=mot1 t=1 j=Mo+m14+1 =mot+1 j=mMo+tm1+1 


Last three terms of first line of above equation can be obtained by using (6.69), then we get 


m2 


1 é 
5 lal = || HI? +7(7M) 


rer) SS (mine — (0) 


r=m+1 1<i¢<t<mo 


—~7(TM") - > (1, u— ( 5”) (6.71) 


r=m+1 mo+1<jAl<mo+m1 


_r¢rM4)— 7 3 (iat — (020)? 


r=m+1 mo+m)1+1<aA¢b<mo+mi+me2 


3 


mo Mo+tmM1, mo Mo+tm1+mM2 mMmotmy, Mo+m1+mM2 
= ) ) Ki; = ) ) Kij = ) ) Kij. 
i=1 j=mot+l t=1 J=M0+m 141 t=mot+1 g=mMo+m +1 


Now, using (6.68), for a biwarped product submanifold, we find 


mo Motmy, Af mo mo+tmi1+me Ag 


Se Kamae, SE ky =m? 


i=1 j=mo+1 i=1 j=motmi41 
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and 


mo+tms, mo+tmi+me2 7 WV, Vo) 
Ki; = —m my i 


fo 


i=mo+1 j=motmit+1 


If we use these equations in (6.71), we obtain 


1 
slap = 


—F(TM®) — 9 3 (Wi tt “09 


r=m-+1 1<iFt<mo 


rer) SS (5 hp?) 


r=m+1 mo+1<jAl<mo+m1 


_rrM4)— > y (iat ~ (Has)?) 


r=m+1 mo+mj1+1<a4¢b<mo+mi+me2 


If we arrange this equation, we arrive to 


2 A Ao Vf,Vo 
||P 47M) =m SF — gS + mg LLEVA) 
—F 


(TM®) —7(TM") — 27(TM+) 


1 
lai = 


> (AR) + DD » (hj) 
=m+ =m 


r 11<iAt<mo r tl mopt1<jAl<mo+m1 
m m 
2 tae ag 
o 5 (Aga) — 5 5 (hishte) 
r=m+1 motmi+l<aAbsmot+mi+me r=m+1 1<iAt<mo 
m 


= > (hj jh) 


r=m+1 mo4+1<jAl<mo+m1 


= >» (haalthp)- 


m+1mo+miti<aAbsmo+mi+me2 


| 
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1 @ 
Adding and substracting the term 5 ‘y ( et... t+ (Nm)? in the above equation, 
r=m+1 
we find that 


Af Ae mf VAVe) 
f o fo 


—7(TM®) — 7(TM"*) —7(TM"*) 


1 m2 _ 
sla = Sar +rM)—m 


3 
3 


» (hi) 


-- 
M 
a 
iw 


r=m+1 1<ift<mo r=m+1 mot+1<jAl<mo+my 
m m 
r \2 Lr 
+ 5 5 (hav) — 5 5 (hishte) 
r=m+1 mo+m +1<aAzb<mo+my+m2 r=m+1 1<i¢t<mo 


-> SR MH) (6.72) 


r=m+1 mo+1<jAl<mo+m1 


~ DS > (hoa hép) 


r=mt+lmo m,+1<a4Ab<mo+m1+m2 
1 - TD r 2 
+5 Dy [ (A)? +--+ Cham) 
r=m+1 
1 m 
-5 (Ch?) +--+ ham?) 
r=m+1 


Here, by (2.7), we have 


1 mn Tr Tr ul r Tr 
|= yD (tin)? ++ Mm?) #2 (nh, 
crew] ram+11<i¢j<m 


Using this equation in (6.72), we obtain 


1 m? Af Ao g(Vf, Vo) 
“(pA |? = —|| A |? 4+7(TM eke Ae 
alual 5 | HIP +7(PM) — mi ar + mim fo 
—7(TM®) — r(TM") —7(TM+) 
= (ny + DO yD RN? 
r=m+1 1<iAt<mo r=m+1 mo+1<jAl<mo+m1 (6.73) 


m me 
+ Dy » (haw)? — > IEP 


r=m+1 motm,+1<a4b<mo+m1+mM2 


+5 y (« ia)? ++ Qn)? 


Now, the inequality (6.70) comes from (6.73). The equality sign in (6.70) holds iff 


dY> DS hh)? =0 and 
r=m-+11<ift<m (6.74) 


> ( ia)? ++ (Mam)? =. 


m 
r=m+1 
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It follows that, hi; = o(h(ez, e7),¢-,) = 0 for 1,7 € 1,...,m andr é€ m+1,...,m. Which 
says us h = 0. For a biwarped product submanifold of the form M = M? x tM Tx, M+, we 
know already that M® is totally geodesic in M and both M7 and M~ are totally umbilic in 
M. Since, the second fundamental form h of M vanishes, identically, it follows that M® is 
also totally geodesic in M and both M7 and M°* are also totally umbilic in M. 


Now we give an application of the inequality (6.70). 


Theorem 6.2. Let M = M® x pMP x~M*+ be an m-dimensional non-trivial biwarped product 
s.s-t. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold 
(M = Mi(c1) x Mo(c2),F,g). Then the squared norm of the second fundemental form h of 
M satisfies 

Af Ao 

d o (6.75) 


1 
A |? = 5 (1 + c2){ mom, + mom + maa 2m 
g(Vf, Vo) 
fo? 


where mo = dimM®, mi, = dimM?, mz = dimM+ and mo +m, +m. =m. 


+2m1mMm2 


Proof. In (2.16), substituting X = e;, Y = Z = e; and take inner product with e; in the 
above equation, we obtain 
Rey, e676) = ele + ca){ ales e;)g(€i, ei) — (ei, ej) 9(e;, e) 
+a Feje))a(Feises) ~ oFeisej)olFej.e1)} 
+7 (er — )4 9(ej,€;)9( Fei.) ~ 9(6i,e))o( Fey, ei) 
+9(Fe;, e;)g(e:, e:) — g( Fei, ej) 9(e;, a}. 


Taking summation over basis vectors of TM for 1<i4j <m, we get 
: 1 9 
27(TM) = rie +e) Dy g(ej,€5)9(e%, e%) — > g(ei; €;) 
1<iAj<m 1<iAj<m 


+ DO dFene)oFene)- YY oFenejalFe.e)} 


1<ifxj<m 1<iAj<m 


Hae) > glej,es)9(Fei,e:)-— SY) glei,ej)g(Fe;, ei) 


1<ixj<m 1<ifj<m 


+ DY sFenedaened- YL gFereialeneat}. 


1<ikji<m 1<iAj<m 


Let M be an m-dimensional non-trivial biwarped product s.s-i. submanifold M of order 1 
of an m-dimensional locally product Riemannian manifold M = Mj(c1) x Mo(c2) in the 


form M® x ¢M T x, M+. We choose the orthonormal frame fields of TM® and TM? 
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as {ep = seeGPejj cts ytpy = BeCOP a, |} ad (Fea = Gates cig le = Fee = 
—€t41,++-,F€mo+m, = —€mo+m,}, respectively. Also, we choose the orthonormal frame fields 
of TM+ as {€mop+mi+1)--++)€mo-+mi+m}. Here, for 1 < i < mo, we have g(Fe;, e;) = cosd 


and for 1 <i # j < mo, we have g(Fe;,e;) = 0, since M ® is a slant submanifold with slant 
angle 0. Also, for mj) +1 <i < t, we have g(Fe;,e;) = 1 and fort +1<i< mo+m, 
we have g(Fe;,e;) = —1. Moreover, for mp + m1 +1 <i < mo+m1+m2 =™M, we have 
g(Fe;,e;) = 0 and for m9 +m, +1 <i Fj <mo+m,+ m2 =m, we have g(Fe;,e;) = 0, 
since M*+ is an anti-invariant submanifold. Thus, using these facts, we obtain the following 


g(Fe;,e;)9(Fe:, e:) =m — 3, 
mo+l<iAj<motm 


De g(Fe;, ej) g(Fei, ex) = (mo — 1) cos”6, 


1<i#j<mo 
S° 9(e;, ej) 9(Fei, e:) = 2t—m — 1, 
mo+lsixjomo+m, 
SS dened ee = Ga ee 
1<iej<mo 
S- g( Fe;,e;)9( Fei, ei) = > g(e;, ej) 9(Fei, e:) = 0, 
mo+m,+1<i4¢j<m motm+1<iAj<m 
and 
y g( Fei, ej) g(e;, &) = oy g( Fei, €;)9(Fe;; &) = 0. 
1<ikj<m 1<igj<m 
Thus, we find 
1 
27(TM) = rn + c2)4 m(m — 1) +m, — 3+ (mo — 1) costo | 
l (6.76) 
+7 la — cn){ (2 my — 1) + 2(mp — 1) cont 
Similarly for TM°, TM? and TM+, we derive 
1 
Q7(TM®) = (q+ ca){ mole — 1) + (mo - 1) costo | 
4 
1 (6.77) 
+7 ler - c2){ 20mg —1)cos of 
_ T 1 
27(TM*) = —(c, +c2)4 mi(my — 1) +m, — 3 
4 
l (6.78) 
+7 la _ cn) 2(2t —m,— )} 
z a 1 
a(t iM) = rice + ¢2)4 mo(mz2 —1) >. (6.79) 


Thus, using (6.76) — (6.79) in (6.70), we get the inequality (6.75). 
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ON THE MANNHEIM PARTNER OF A CUBIC BEZIER CURVE IN E? 
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ABSTRACT. In this study we have examined, Mannheim partner of a cubic Bezier curve 
based on the control points with matrix form in E°. Frenet vector fields and also curvatures 
of Mannheim partner of the cubic Bezier curve are examined based on the Frenet apparatus 
of the first cubic Bezier curve in E°. 

Keywords: Bézier curves, Mannheim partner, Cubic Bezier curve 
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1. INTRODUCTION AND PRELIMINARIES 


French engineer Pierre Bézier, who used Bézier curves to design automobile bodies stud- 
ied with them in 1962. But the study of these curves was first developed in 1959 by math- 
ematician Paul de Casteljau using de Casteljau’s algorithm, a numerically stable method 
to evaluate Bézier curves. A Bézier curve is frequently used in computer graphics and re- 
lated fields, in vector graphics, used in animation as a tool to control motion. To guarantee 
smoothness, the control point at which two curves meet must be on the line between the two 
control points on either side. In animation applications, such as Adobe Flash and Synfig, 
Bézier curves are used to outline, for example, movement. Users outline the wanted path in 
Bézier curves, and the application creates the needed frames for the object to move along 


the path. For 3D animation Bézier curves are often used to define 3D paths as well as 2D 


Received:2021.11.01 Revised:2022. 02.08 Accepted:2022. 038.26 
* Corresponding author 
Seyda Kihcoglu; seyda@baskent.edu.tr; https://orcid.org/0000-0003-0252-1574 
Siilleyman Senyurt; senyurtsuleyman52@gmail.com; https: //orcid.org/0000-0003-1097-5541 


182 


INT. J. MAPS IN MATH. (2022) 5(2):182-197 / ON THE MANNHEIM PARTNER OF A CUBIC ... 183 


curves for key-frame interpolation. We have been motivated by the following studies. First 
Bezier-curves with curvature and torsion continuity has been examined in [6]. Also in [2], 
and [7| Bezier curves and surfaces have been given. In [4] Bézier curves are designed for 
Computer-Aided Geometric. Recently equivalence conditions of control points and applica- 
tion to planar Bezier curves have been examined. In [8] Frenet apparatus of the cubic Bézier 


5 order Bézier curve and its, first, second, and 


curves has been examined in E?. Before, the 
third based on the control points of the 5“” order Bézier Curve in E? are examined too in : 
We have already examine in cubic Bézier curves and involutes in and [9], respectively. 
Also Bertrand mate of a cubic Bezier curve based on the control points with matrix form has 
been examined with Frenet apparatus in [11]. Here we will examine the Mannheim partner 
of a cubic Bezier curve, based on the control points with matrix representation. 

The set, whose elements are Frenet vector fields and the curvatures of a curve a(t) C E®, 
is called Frenet apparatus of the curves. Let a(t) be the curve, with 7 = |l|a’ (¢)|| 4 1 and 
Frenet apparatus be {T (t), N (t), B(t),«(t),7 (t)}. Frenet vector fields are given for a non 


arc-length curve 


l(t) 7 _ al (t) Aa!’ 
O=Teep NO=BOaTO, BYO= TMA Ol’ 
Ke lo’ (t) Aa” ()| ; ie (a! (t) Aa” (t) a"(t)) 

~ Jat IP ~ fla) Aa” (IP 


where « (t) and 7 (t) are curvature functions. Also Frenet formulas are well known as 


Bi 0 --nr 0 | a | 


Generally, Béziers curve can be defined by n+ 1 control points Po, P,,...,P, with the 


parametrization 
n 
n s _# 
Bw) =>(")fa-o RL, 
i=0 
where (") = iim! is known as the usual binomial coefficients. In this study we will 
7 il(n — 1)! 


define and work on cubic Bézier curves in E3. For more detail see [I] §]. 


Definition 1.1. A cubic Bézier curve is a special Bézier curve and it has only four points 


Po, Pi, Po and P3, its parametrization is 


a(t) = (1—t)? Py + 3t(1- 1)? P, +30? (1—t) 2+ BP 
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and matrix form of the cubic Bezier curve with control points Po, P,, Po, P3, is 


Also using the derivatives of a cubic Bézier curve Frenet apparatus {T, N, B,«,7} have 
already been given as in the following theorems by using matrix representation. For more 


detail see in [8]. 


The first derivative of a cubic Bézier curve by using matrix representation is 


T 
t? i: =< I Qo 
atj=| 4 =D 2 Qi 
if 1 0 0 Qo 


where Qo = 3 (Pi — Fo) = (0, yo, 20), Q1 = 3 (Po — Pi) = (#1, 91, 21); 
Q2 = 3(P3 — Po) = (£2, ye, 22) are control points. 


The second derivative of a cubic Bézier curve by using matrix representation is 


T 


where Ro = 6(P2 —2P, + Po), Ri = 6(P3 — 2P2 + P,) are control points. 


The third derivative of a cubic Bézier curve is constant by using matrix representation is 
al"(t) = [RoRi] 


with the control point [Ro Ri] = Ri — Ro = 2[Q1Q2] — 2[Q0Qi] . 
Frenet apparatus {T (t) , N (t), B(t),« (t),7 (t)} of a cubic Bézier curve have already been 


given as in the following theorems by using the matrix representation. For more detail see 


in [9]. 
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Tangent vector field of a cubic Bezier curve a with, ||a’|| = 7 has the following the matrix 


representation 
T 
t? 1 -2 1 Zo Yo %0 
1 
eae t —2 2 0 Z1 Yl 1 
1 1 0 O tT Yo 2% 
T 
t? cy ee Qo 
1 
~ 7 t —2 2 QO Qi 
Lr] [1 0 of le] 
1 2 
= 7 (@o(t? — 2t+1) — Q (20? — 2t) + t?Qo). 


Binormal vector field of a cubic Bezier curve by using the matrix representation is 


T 
te bit big b13 


BOS — | |, | ty tay tes 
Lt | [ba tee Pan | 

By 

=-|? t 1 | Bo 

Bs 


6 
== (Bit? + Bot + B3) 
m 
where m = ||a/Aa""|| and 


bit = (yo21 — Y120 — Yoz2 + y22% + y122 — y221), 


big = (£120 — Loz + Loz — La% — L129 + X221), 


bi3 = (xoy1 — 1Yo — Loy2 + Layo + Tiy2 — 2y1), 


boi = (2y1z0 + yoz2 — 2yoz1 — y220) ; 


boo = (22921 224129 — L022 4 £220); 


bez = (221 yo — 2xoy1 + LoY2 — Loo), 
b31 = yo21 — 120, 
632 = 2129 — L021, 


b33 = LoY1 — £1Yo- 
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Normal vector field of a cubic Bezier curve is a 4th order Bezier curve and it has the 


matrix representation as in 


T 
ha M1 N12 N13 
e N21 N22 N93 
6 
N (t)=—| # 
(t) im | t N31 132 133 
t N41 N42 N43 
ae i N52 | 
T 
pe] | 9 | 
eae 
6 
= if No 
nm 
| t | N3 | 
fa} [| 


6 
= — (Not* + Nyt? + Not? + N3t + Na) 
nm 
where 


ni = bj2d13 — b13d12, 
no1 = bi2d23 — b13d22 + be2d13 — bo3dio, 


n31 = b12d33 — b13d32 + be2d23 — be3d22 + b32d13 — b33d12, 


N41 = b22d33 — b23d32 + b32d23 — b33d22, 

N51 = b32d33 — b33d32, 

ni = biidi3 — bisdis, 

n2q = —by1d23 — baidi3 + bigdai + bo3dii, 

ng32 = be3da1 + basdii — b11d33 — beide3 + bi3d31 — bidis, 
naz = —be1d33 — b31d23 + begdsi + b33da1, 

N52 = —b31d33 + b33d31, 

ni3 = biidi2 — biodis, 


no3 = b11d22 — bj2d21 + baidy2 — bo2d11, 


733 = b11d32 — bj2d31 + be1d22 — be2d21 + b31d12 — b32d11, 
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n43 = b21d32 — be2d31 + b31d22 — b32d21, 
753 = b31d32 — b32d31. 


The first and second curvatures of a cubic Bezier curve by using the matrix representation 


are 
bf, + big + bis 
2b11b21 + 2b12be2 + 2613623 
6 
K(t) = 7 || 2b1 1631 + 2bi2b32 + 2b13b33 + 03, + b35 + d35 
t 2b21b31 + 2b22b32 + 2b23b33 
; 1 | b3, + 03, + d3y | 
t? Co 
7B | 
t C4 
Li} [os 
= = (Cit* + Cot? + C3t? + Cat + Cs) 
1) 
where 


C1 = bi, + big + Bf, 

C2 = 2b11b21 + 2b12b22 + 2b13b93, 

C3 = 2b11b31 + 2b12b32 + 2b13b33 + 65, + b5y + 653, 
C4 = 2b21b31 + 2b22b32 + 2b23b33, 


Cs —? b3, + D5 + b3., 


and 
LoOY122 — Loy221 — Li Yyo2z2 + ®1y220 + L2yo%1 — T2y120 
: : 
m 


T(t) = 
2. MANNHEIM PARTNER OF A CUBIC BEZIER CURVE 


Mannheim curve was firstly defined by A. Mannheim in 1878. A curve is called a 


Mannheim curve if and only if 2 ~ 2 is a nonzero constant, « is the curvature and 7 
is the torsion. Mannheim curve was redefined as; if the principal normal vector of first 
curve and binormal vector of second curve are linearly dependent, then first curve is called 
Mannheim curve, and the second curve is called Mannheim partner curve by Liu and Wang. 


As a result they called these new curves as Mannheim partner curves. For more detail see 
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10]. a* (t) = a(t) + w(t) B* (t), N = B*. Hence a* (t) = a(t) + w(t) N (t). We know for a 


Mannheim curve a, that py is constant. 


do* da* doa* 
Since = = 7T +p (t) N (t)+ny(—«T +78), = 1 B* and a | N, we get p is constant. 
1 
Also dtds* = 7 and |,1| is the distance between the curves a and a*. Also we can write 
cos 
dt 
ds* /1 +p’ 


Theorem 2.1. The Mannheim partner of a cubic Bezier curve has the following matrix 


representation 
7 6 
4 
t real 
£3 ve Ny te PSP 8 Py 
a= | t? | SE No + 3P2 — 6P, + 3Pp 
t sé Ng + 3P, — 3Pp 
1 Sh Ng + Po 
Proof. Let a* = a(t) +N be Mannheim partner of a cubic Bezier curve a (t) , 
hence 
T 
T i No 
ee =) 3 =f 3 Po 
ie NM 
7 3 -6 3 0 P, 6h 
mm {ef 2 


cytes cep pas 


1 N4 


= P» (3t? — 3¢°) + 2 Ps + Po (—t? + 3¢? — 3¢ + 1) + P, (3¢° — 62? + 3t) 


6 6 6 6 6 
+ PNat tUNs t PEN, t BEN, t AEN, 
m 7 m 1) m1) m1) m1) 


6 6 
= tt—E ny 4 a EN P+ 3P1—3P)— Po) 
ma) mi) 
6 6 
+ t? (Sen, +3P)—-6P,+ 37) +t (Sens + 3P, - 37) 
ma ma) 


6 
+ aN + Po. 
nm 
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So we can write this as in the following matrix form 


6 
| SN, + Ps +3P, —3P2— Pp | 
| SEN» + 3P2 — 6P, + 3Po | . 


SH N3 + 3P, — 3Po 
6 
ee ee 


Theorem 2.2. The Mannheim partner of a cubic Bezier curve is a 4*” order Bezier curve 
with constant speed. It has the control points P5, Py, Pz, Pz and Pf based on the control 


points of the cubic Bezier curve, as in the following way, where n,m are constants, 


Po + Sh Ng 
2mn 


| | jo +3Pit+ ou N3 4 ve Na 


1 1 3 6 
ee al Pp + Fo aa ae 


3 1 3 _ 3p , 9 Gu 
ahi GIS Popa ah oa 8 Oo 


| Ly BN + EN + BEN + Ng + NY 


VwewWrAs 


Proof. Let Pj, Pi, Ps, Pz and Py be the control points of 4th order Bezier curve 


which is Mannheim partner of a cubic Bezier curve, so we can write 


i ty, ee | F3 ot No 

| SA 99-2 212: a | | P} | | +$2 Ni + P3—3P)—Po+3P\ | 

ie —12 6 0 Oy | y= | + SH Ny + 3P> + 3Py — 6Pi ; 
-4 4 0 0 0 Px +34 N3 + 3P; — 3Po 

| Tr (Os sie 1G il “| | +34 .N4 + Po | 


By using the following inverse matrix 


fo ooo 1] 
eee eka 
00251 
eee rd 
lr iiaad| 
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we obtain 


is 6 

P5 000 01 mm No 

P} 00041 + SH Ny + Ps — 3P)— Py + 3P, 

ical ee al | SH No + 3P2 + 3Po — 6Pi | 

Ps 04521 +24 Ng + 3P1 — 3Po 
6 

| lice al | leer d ieO | 

which completes the proof. 
Furthermore, the equality Za =constant is known as the offset property, for some 
Ke+T7 


non-zero constant. For some function jp, since N and B* are linearly dependent, equation 


can be rewritten as a* (t) = a(t) — wN(t) where yp = . Frenet-Serret apparatus of 


K2 + 72 
Mannheim partner curve a*, based on Frenet-Serret vectors of Mannheim curve a are 
T* =cosé T —siné B, 
N* =sin@ T+ cos6B, 
Be =N, 


where 6 = <(T,T"). 


Theorem 2.3. Tangent vector field of Mannheim partner of a cubic Bezier curve based on 


the angle 0 is 


t? 7 (9P, — 3Po — 9P2 + 3P3) cos 0 — By sin 0 


T =| ¢ ; (6P) — 12P, + 6P2) cos 6 — © Bo sind 
73 (P, — Po) cos@ — © Bs sind 
Proof. Since T* = cos@ T — sind B, we have 


T* = — (Qo (t? — 2t + 1) — Qu (2¢? — 2t) + 1?Qz) cosd — (< (Bit’ + Bat + Ba) ) sind 


m 


1 
1) 
1 6 

— (t?Qo cos 6 — 2t?Q cos 6 + t?Q2 cos 0) — —t?B, sind 
n m 

+ 


1 6 
— (—2Qpot cos 0 + 2Qit cos 8) — —tBo sin @ 
n m 
1 6 
+ —Qo cos 6 — —B3sin@. 
n m 
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Therefore, based on the control points Qo, Q1, Q2, the following matrix representation can 


be written as 


di 
e - (Qo — 2Q1 + Q2) cos 6 — © By sin 6 
eae 7 (-2Q0 + 2Q1) cos 6 — © Bo sin 0 
1 7 Qo cos 0 — © B3 sin 8 


Also it can be written in the following matrix representation, based on the control points 


Po, Pi, Po, Ps 

a 

t? - (3 (Pi Po) 6 (P2 P,) +3 (P3 _ P2)) cos 6 — © By sin 0 

T=} ¢t 7 (6 (Pi — Po) + 6 (P2 — P;)) cos@ — = By sind 

1 73 (P, — Po) cos@ — © Bs sind 
ie 

e 7 (9P; — 3Po — 9P2 + 3P3) cos 6 — £ Bi sind 

=| ¢ ;, (6Po — 12P, + 6P) cos @ — 5 By sind 
| 1 | 73 (P, — Po) cos @ — © Bs sin 0 | 


Corollary 2.1. Tangent vector field of Mannheim partner can be written as in the following 


way where n,m are constants 


T 


i 1 -2 1 7 (mQ0o cos 0 — 67 Bs sin 6) 
T =| ¢ —2 2 0 aan (37 Bo sin 8 — mQ) cos 6 + 67 B3 sin 8) 

1 i 0... 0 - am (67B, sin 0 — mQ2 cos 6 + 6n Bo sind + 67B3 sin 8) 
Proof. As a quadratic Bezier curve, tangent vector field of Mannheim partner of a 


cubic Bezier curve with the control points Qj, Qj, Q3 is 


T 
e 1 -2 1 OF 
T™=| ¢t —2 2 0 OF 
1 Li «OF 0 Qs 


Hence, by using the inverse matrix the control points are 


Qh 001 i (Qo — 2Q1 + Q2) cos 6 — © By sin 0 
OF | = )-0) 3:4 7 (~2Qo + 2Q1) cos — 5 By sind 
Q5 111 Qo cos 8 — © B3 sin 0 
om (mQpo cos 0 — 67 Bs sin 6) 
a oa (3nBz sin 6 — mQ cos # + 67B3 sin 6) : 
— rm (6 Bi sin 6 — mQz cos # + 67 By sin 8 + 67B3 sin 6) | 


192 §. KILIGOGLU AND S. SENYURT 
Theorem 2.4. Normal vector field of Mannheim partner of a cubic Bezier curve based on 


the angle 0 is 


re 
#2 7 (9P1 — 3Po — 9P2 + 3P3) sin@ + 2 Bi cosé 


N* =| ¢ +; (6Po — 12P, + 6P2) sin @ + © By cos 0 
| 1 | | +73 (P, — Po) sin + 7,B3 cos é 
Proof. Since N* = sin@ T+ cos@ B, we have 


N* = — (Qo (¢? — 2t + 1) — Qi (2¢? — 2t) + t7Qz) sind + < (Bit? + Bot + Bs) cos 6 
(t?Qo sin 6 — 2t7Q, sin @ + t?Qz2 sin 0) + 2B, cos 6 


il 6 
+ — (—2tQp sin 6 + 2tQ; sin #@) + —tBcosé 
n m 


— 


6 
+ —Qo sin é + —B3 cos 0. 
n m 


It can be written in the following matrix representation, based on the control points Qo, Q1, Q2 


T 
t? F (Qo — 2Q1 + Q2) sind + £ By cos 6 
Mee) +4 (—2Qo + 2Q1) siné + 3 By cos 0 
1 +7Qo sin # + © Bs cos 0 


Also it can be written in the following matrix representation, based on the control points 


POR tebe s 


1 (9P, — 3Pp — 9P) + 3P3)sin6 + £ By cos 6 | 


+5 (6Po — 12P, + 6P2) sin@ + © By cos 6 
1 | +73 (Pi — Po) sin@ + 2 B3cosé 


This completes the proof. 


Corollary 2.2. Normal vector field of Mannheim partner of a cubic Bezier can be written 


as in the following way, where n,m are constants 


vi 
ee 1 -2 1 am (mQpo sin # + 67Bs cos 6) 
re lee —2 2 0 -_ (mQ sin 0 + 3nB2 cos 6 + 67 B3 cos 6) : 
1 OO 0 a (mQp2 sin 0 + 67B, cos 6 + 67 Bz cos 6 + 67 Bs cos 0) 


N 
1 
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Proof. As a quadratic Bezier curve normal vector field of Mannheim partner of a 


cubic Bezier curve with the control points No, Nf, N>5 is 


Ji 
i 1 -2 1 NG 
N* =] ¢ -2 2 0 Ne 
1 1 0 0 N3 


Hence, using the inverse matrix the control points are 


Né 00 1 7 (Qo — 2Q1 + Q2) sind + 5 Bi cos 0 
De NS Ni ee ++ (—2Q9 + 2Q1) sind + £ Bo cos 0 
1 2 n m 
Ni Ml) ‘ekee" Eh +7-Qo sind + © B3 cos 
a (mQpo sin 6 + 67 Bs cos 8) 
= ma (mQ) sin 6 + 3nBz cos 6 + 67 B3 cos 6) 
an (mQ2 sin 0 + 67B, cos 6 + 67Be cos 6 + 67B3 cos 8) 


This completes the proof. 


Theorem 2.5. Binormal vector field of Mannheim partner of a cubic Bezier curve based on 


the angle 0 are 
Be=N 
= (Not* + Nit? + Not? + Nest + Na) ; 


Theorem 2.6. The curvature and the torsion of Mannheim partner of a cubic Bezier curve 


based on the angle 6 are have the following equalities, 


Proof. Since 


k(t) = “ (Cyt* + Cot? + Cat? + Cat + Cs) 


where 
Cy = bf, + big + Oi3, 
C2 = 2611621 + 2b12b22 + 2bi3b93, 
C3 = 2b11b31 + 2b12b32 + 2b13b33 + 3, + D385 + 33, 


C4 = 2691631 + 2b22b32 + 2623633, 
Cs = ia + bey + b3, 


and 
LoY1 22 — Loy221 — V1 Yyo22 + ®1y220 + L2yo%1 — T2y120 
5 : 
m 


ti= 
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The curvature and the torsion have the following equalities of Mannheim partner of a cubic 


Bezier curve; 


pee gt, 
ds* cos@’ 
ee 
= 
[IT 


s (C,t4 Cot? t C3t? +t Cyt 4 Cs) 


~ F (=u — Loy221 — L1yoz2 + F1y22% + Layor — “2 


m2 


_ 6m? Cyt* + Cot? + C3t? + Cut + Cs 
pn? LOY12Z2 — LOY221 — T1yo%2 + L1Y220 + L2Yo21 — L2Y120 


Theorem 2.7. Frenet vector fields {T*, N*, B*} of Mannheim partner of any cubic Bezier 


curve in E? are 


ial GH) (9P, — 3Py — OP) + 3P3) + SB, 
t | | CoH") (6 Py — 12P, + 6P2) + SH By | 


ae 1 C-#} 3 (P, Po) } SUT Bs 
V(1— pK)? + (ur)? 
a 6(1 
ma HZ (QP, — 3P) — 9P2 + 3P3) - SEH) By 
t LZ (6 Py — 12P, + 6P;) — “Hp, 
ee ee 
V1 = we)? + (ur)? 
T 
i No 
e Ny 
6 
r-sfel || 
nym 
t N3 
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Proof. Let a curve a* be a Mannheim partner of a with Frenet-Serret apparatus, 
then 
T= (1-—pe)T+y7TB . 
Vl = ne)? + (ur)? 
N* eK utT — (1—pr)B 
V1 = nes)? + (ur)? 
Be=N, 
dt 1 
ds* 


my (1 — ux)? + (ur)? 
Tangent vector field of Mannheim partner of a cubic Bezier curve is 
_ 
oe Gwe) (Qo (t? — 2 + 1) — Qi (24? — 2t) + #?Qa) + pr & (Bit? + Bot + Bs) 
V0 — pr)? + (ur)? 
CHA) (Qo — 2tQo + 2tQi + #7Qo — 27Qi + #7Q2) 4 (Be + SET Bot 4 Sur Bs ) 
V0 = nr)? + (ur)? 


Hence its matrix representation, based on the control points Qo, Q1, Q2 is 


i) a =i) (Qo — 2Q1 + Qe) 4 cut By 
t (ee) (—2Q0 + 2Q1) + “ET 
1 (1 — pr) 6uT 

l | a (Qo) + pereese 


V0 = wr)? + (ur)? 


and based on the control points Po, P;, P2, P3 is 


1- 6 
2 als H*) (9p, — 3P) -9P; +3P;) + “3, 
1) m 


tS 6 
t owe (6% = 12P, +6P,) +B, 
m 
1— uk 6uT 
1 ieee 3 (P, Pia, 
7) m 


V0 = nr)? + (ur)? 
So the normal vector field of Mannheim partner of a cubic Bezier curve is 
utT —(1—pr)B 
Vl. — we)? + (ur)? 
ET (Qo (t? — 2t + 1) — Qi (20? — 2t) + 7 Q2) — (1 — pr) & (Bit? + Bot + Bs) 
V (= nr)? + (ur)? 


NE = 
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Hence its matrix representation is 


- 6 (1 — pr 
22 ? = (Qo — 2Q1 + #?Q2) — SCH) p, 
6(1 — 
t (—2Q 0 + 2Q1) — SU =H) p, 
7 6 (1 — pk 
1 L Os ( Le ) B, 
N* = ; 
V(1— nr)? + (ur)? 
6(1-— 
i: | = (9P, — 3P) — 9P: + 3Ps) — O =H) 
6(1— 
t HE gps ion gp. OSES. 
m 
1- 
1 | | Bs pen ip) 2 = HE), | 
N* = ui m 


Vl = pa)? + (ur)? 


Also, since B* = N, its matrix representation is trivial. 


Theorem 2.8. The second curvature tT* of Mannheim partner of any cubic Bezier curve is 


2 
Loy1 22 — Loy221 — L1Yo2z2 + ®1y220 + L2yo%1 — L2y120 
m2 
6 4 3 2 e 
— (S.Ct! + Cot + Cot? + Cat + C5) 


i 
V0 wr)? + (ur)? 
dB* dB* dt 
Proof. Since = = —7*N* and (—1*N*,—1*N*) = 7*? we have 
ds* dt ds* 
ee 
eS ot: eee 


VL = pr)? + (ur? 


By using « (t) and 7 (t) of any cubic Bezier curve, we get the proof. 
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